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The paper’” inves t iga t e s  o p t i m u m  p r o c e s s e s  in  s y s t e m s  whosc 
behav io r  is d e s c r i b e d  by  d i f f c rencc  boundary problclins fo r  p a r t i a l  
d i f f e ren t i a l  equat ions .  
T h e  m a j o r i t y  of phys ica l  p r o c e s s e s  wh ich  a r e  encoun te red  by  t h e  
e n g i n e e r s  du r ing  t h e i r  p r a c t i c a l  actiL-ity c a n  b e  con t ro l l ed ;  a n d ,  
consequen t ly ,  du r ing  t h e i r  r e a l i z a t i o n ,  one  s t r i v e s  to  a t t a i n  the  o p t i m u m  
( i n  s o m e  s e n s e )  a l t e r n a t i v e .  T h e  m a x i m u m  pr inc ip l e  of L. S. 
P o n t r y a g i n  
p r o b l e m s  of o p t i m u m  con t ro l  when t h e  p r o c e s s e s  m a y  b e  d e s c r i b e d  by 
the  o r d i n a r y  d i f f e r e n t i a l  equat ions .  However ,  n u m e r o u s  c o n t r o l  
p r o c e s s e s  a r e  d e s c r i b e d  by  p a r t i a l  d i f fe ren t ia l  eqtiations wi th  addi t iona l  
(boundary  of  i n i t i a l )  condi t ions .  
t ype  ( equa t ions  o f  mass o r  hea t  exchange ,  equat ions  of h y d r o  o r  a e r o -  
d y n a m i c s ,  h e a t  t r a n s f e r ,  k ine t i c s  of c h e m i c a l  r e a c t i o n s ,  e t c ) .  If t h e  
behav io r  of t h e  con t ro l  s y s t e m  is d e s c r i b e d  by equat ions  a m o n g  which 
t h e r e  a r e  s o m e  with p a r t i a l  clcrivative8, t hcn  i t  i s  c a l l e d  a s y s t e m  
wi th  d i s t r i b u t e d  p a r a m e t e r s  . In numerous  s i m p l e r  c a s e s ,  s u c h  
s y s t e m s  m a y  b e  d e s c r i b e d  by d i f f e ren t i a l -d i f f e rences  eqciation; a n d ,  
consequen t ly ,  one  c a n  s t i l l  apply  the m a x i m u m  pr inc ip l e  . 
1 a p p e a r s  as  a m a t h e m a t i c a l  niethod for  the  solut ion of 
T h e s e  equat ions  m a y  be of d i v e r s e  
2 
3 
T h e  p r o b l e m s  of o p t i m o m  con t ro l  of m o r e  compl i ca t ed  s y s t e m s  
c a n  not  b e  so lved  d i r e c t l y  by m e a n s  o f  the m a x i m u m  pr inc ip l e  of L. S. 
P o n t r y a g i n  ( see  a r t i c l e  by K h a r a t i s h ~ i l i ~ ,  pp. 5 16 -5  18). Consequen t ly ,  
a t t e m p t s  have  been  m a d e  t o  gcneral izc ,  t h i s  p r inc ip l e  i n  s u c h  a way  tha t  
b y  i t s  appl ica t ion  one  could inves t iga t e  con t ro l  p r o c e s s e s  of m o r e  
c o m p l i c a t e d  s y s  t e  nis with di s t r ibilte d par a m e t  e r s 
In p a r t i c u l a r ,  the  work”  p r o p o s e d  a inethocl b a s e d  on t h e  u s e  of 
d i f f e ren t i a l  equat ions  in  Banach  s p a c e s .  In n u m e r o u s  c a s e s ,  s u c h  a n  
a p p r o a c h  allows the  inves t iga t ion  of pa r t i a l  d i f fe ren t ia l  equat ions  a s  
i f  t hey  w e r e  o r d i n a r y  d i f fe ren t ia l  equat ions a n d  sol l -es  t h e  p r o b l e m  of 
o p t i m u m  c o n t r o l  us ing  a s  the  opt imal i ty  c r i t e r i o n  the  funct ional  
5 , 6 , 7 , 8 . 9 , 1 0 j 1 1 , 1 2 , 1 3 , 1 4 , 1 5  
T 
I = J f ( t ,  x ( t ) ,  u ( t ) )  d t  . 
t0 
In sp i t e  of  obvious a d v a n t a g e s ,  t h i s  niethod h a s  a l s o  subs t an t i a l  s h o r t -  
c o m i n g s  s i n c e  the  in t roduct ion  of Banach  s p a c e s  r e q u i r e s  addi t iona l  
l i r r i t a t ions  on  the  c lass  of p e r m i s s i b l e  c o n t r o l s  which  a r e  not  c a u s e d  
b y  the  phys ica l  e s s e n c e  of t he  p r o b l e m .  In addi t ion ,  t he  cho ice  of the  
.!, 
”’The b a s i c  conten t  of the work  w a s  p r e s e n t e d  a t  t he  s e m i n a r  of 
L. S. Pon t ryag in  on t h e o r y  of o p t i m u m  p r o c e s s e s ,  1 3  F e b r u a r y  1963 .  
1 
funct ional  (.1) a s  t h e  op t ima l i ty  c r i t e r i o n  f o r  t h e  p r o b l e m  w i t h  p a r t i a l  
d i f fe ren t ia l  equat ions  is  not  a s  s u c c e s s f u l  as  i n  t h e  c a s e  of p r o b l e m s  
wi th  o r d i n a r y  d i f f e ren t i a l  equat ions .  I n  p a r t i c u l a r ,  the ind ica t ed  
me thod  does  not  s o l v e  the  i m p o r t a n t  p r a c t i c a l  p r o b l e m  i n  which  t h e  
functional ( 1 )  is subs t i t u t ed  b y  a n  i n t e g r a l  eva lua ted  o v e r  a s u r f a c e  
bounding t h e  d o m a i n  wi th  which  t h e  equa t ions  a r e  unde r  inves t iga t ion .  
Of def ini te  i n t e r e s t  is t h e  method13 based on t h e  r e p r e s e n t a t i o n  of 
c o n t r o l  quant i t ies  by  m e a n s  of i n t e g r a l  r e l a t i o n s h i p s .  H o w e v e r ,  its 
jus t i f ica t ion  c a n  not  b e  v iewed a s  s a t i s f a c t o r y .  
t ion  of this method to  p r o c e s s e s  d e s c r i b e d  b y  boundary  p r o b l e m s  wi th  
p a r t i a l  d i f fe ren t ia l  equat ions  c a n  not be c o n s i d e r e d  suf f ic ien t ly  e f f i c i e n t  
b e c a u s e  of the  following r e a s o n s .  Firs t ,  t h e  r educ t ion  of boundary  
p r o b l e m s  to i n t e g r a l  equat ions  c a n  not  a lways  b e  c a r r i e d  ou t  though t h e  
p r o b l e m  c a n  s t i l l  be so lvab le  by  o t h e r  m e t h o d s .  
d e s i r a b l e  to have  op t ima l i ty  condi t ions  e x p r e s s e d  d i r e c t l y  th rough  
quant i t ies  e n t e r i n g  the  equat ions  and  addi t iona l  condi t ions .  
I n  add i t ion ,  t he  a p p l i c a -  
Second ,  i t  i s  a l w a y s  
In the p r e s e n t  w o r k ,  we  u s e d  the  me thod  of so lu t ion  which  i s  t o  
an equal  d e g r e e  app l i cab le  to  the  c a s e s  of hype rbo l i c ,  p a r a b o l i c ,  a n d  
e l l ip t ic  equat ions.  Us ing  tllis n ie thod ,  L .  I .  R o z o p o e r  s tud ied  the  
casc'  when t h e  con t ro l  p r o c e s s  i s  d c s c r i b e d  b y  o r d i n a r y  d i f f e ren t i a l  
equat ion a n d  f ini te  d i f f e r e n c e s  cbqliations. I n  subsequen t  w o r k s  , w e  
obtainvci i n v a r i a n c e  coef f ic ien ts  for  s y s t e m s  r e l a t i v e  to  the  e x t e r n a l  
i n t e rac t ions  w h e r e a s  the  s t a r t i n g  point f o r  i nves t iga t ion  w a s  a f o r m u l a  
f o r  functional i n c r e m e n t s  found in  the  w o r k  of R o z o p o e r  . Analogous  
r e s i i l t s  ( though only f o r  s p e c i a l  c a s e s )  w e r e  obta ined  a l s o  f o r  s y s t e m s  
wi th  d i s t r ibu ted  p a r a m e t e r s .  
16 
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1 6  
T h e  p a p e r  c o n s i s t s  of f ive s e c t i o n s .  I n  Sec t ions  I and  I1 w e  
invcs t iga te  va r ious  p r o b l e m s  of o p t i m u m  con t ro l  of p r o c e s s e s  
d e s c r i b a b l e  by boundary  condi t ions  f o r  hype rbo l i c  equat ions  wi th  da t a  
on c h a r a c t e r i s t i c s .  
i n  t he  f o r m  of a m a x i m u m  pr inc ip l e .  
T h e  n e c e s s a r y  op t ima l i ty  condi t ions  a r e  f o r m u l a t e d  
I n  Sect ion 111 we  e s t a b l i s h  connec t ion  of t h e  inves t iga t ed  p r o b l e m  
with thc, p r o b l e m s  of va r i a t iona l  ca l cu lus .  
Os t rograc lsk iy  equat ions  c a n  b e  t lcr ived f r o m  t h e  m a x i m u m  pr inc ip l e  
i f  t he  cont ro l  domain  co inc ides  with t h e  e n t i r e  s p a c e .  If t h i s  domain  
i s  c losc~t l ,  then a long  the  optinilirn s u r f a c e  one  m a y  find tha t  the  
L <, g e ntl r c c ondi  t i  on s a r e e v (In not s a t  i s f ie  d . 
I t  i s  shown t h a t  t he  E u l e r -  
. 
In  Sec t ion  I V  w e  s tudy  p r o b l e m s  of o p t i m u m  con t ro l  when p r o c e s s e s  
a r e  d e s c r i b e d  b y  the  boundary  condi t ions fo r  pa rabo l i c  s y s t e m s .  
ob ta in  a for rnula  fo r  the  funct ional  i n c r e m e n t  by m e a n s  of wh ich  one  
f inds  the  opt imal i ty  condi t ions.  
p r o b l e m s  connec ted  wi th  the e l l ip t ica l  a n d  hype rbo l i c  s y s t e m s .  
W e  
T h e s e  r e s u l t s  a r e  ex tended  to  ana logous  
S e c t i o n  V is devoted  to  the  p r o b l e m s  of the  i n v a r i a n c e  t h e o r y .  
l i n e a r  equa t ions  w e  obta in  t h e  n e c e s s a r y  and  suf f ic ien t  condi t ions f o r  
i n v a r i a n c e  r e l a t i v e  t o  the  e x t e r n a l  i n t e rac t ion  w h e r e a s  the  c r i t e r i a  of 
i n v a r i a n c e  w e  choose  funct ionals  analogous t o  t h o s e  inves t iga t ed  in  
Sec t ions  I t h rough  I V .  
For 
T h e  a u t h o r  u s e s  t h e  occas ion  t o  e x p r e s s  h i s  g ra t i t ude  to  L .  S. 
P o n t r y a g i n  a n d  t h e  pa r t i c ipan t s  of h i s  s e m i n a r  f o r  t h e i r  i n t e r e s t  in  the  
p r e s e n t  w o r k .  I n  addi t ion ,  t he  au tho r  is s i n c e r e l y  g ra t e fu l  t o  V .  G .  
Bo l tyansk iy ,  0. A .  Oleynik ,  a n d  Yu. V .  Yegorov  f o r  v e r y  usefu l  
d i s c u s s i o n s  of t he  r e s u l t s  obtained i n  the  p a p e r .  
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Section I. OPTIMUM PROCESSES IN SYSTEMS WHOSE BEHAVIOR 
IS DESCRIBED BY HYPERBOLIC EQUATIONS 
1. Formulation of the Problem. Optimality Conditions 
Let  the  cont ro l  p r o c e s s  be d c s c r i l ~ c t l  b y  a s y s t e m  of equa t ions  
w h e r e  t h e  funct ions fi have  within thc  doniain G ( 0  5 x i X ,  0 i y 5 Y )  
cont inuous d e r i v a t i v e s  of the f i r s t  o r d e r  in x antl y and  tw ice  cont inuous ly  
d i f fe ren t iab le  o v e r  o t h e r  a r g u m e n t s .  A s  a c l a s s  o f  p c r n i i s s i b l r t  c o n t r o l s ,  
w e  use thct s e t  of s ec t iona l ly  cont inuous funct ions v 11 v ( x ,  y )  def ined  
within tho r eg ion  G and  with va lues  wi.thin a certain boi inr le t l  convex  
domain  V (open  o r  closed) o f  t hc  r - d i m c ~ n s i o n a l  euc l id ian  s p a c e .  W e  
a s sume  tha t  t he  l ine  of tliscotitinuity of t he  pormissiblci  c o n t r o l  is 
srilficicntly sniooth.  
( 1 .  I )  ccirtain boundary  contli t ions ( G o u r s a t  condi t ions)  
W(.  in iposc  onto the  function x i  clcfinctl by cqriations 
w h c r c  vl and  $i a r c  con t inuous ,  sc.ctionally continiioiisly d i f f e ren t i ab le  
funct ions def ined within t h c  tlorriain G antl s a t i s fy ing  ma tch ing  condi t ions  
E a c h  p e r m i s s i b l e  cont ro l  niay 1 1 ~ ~  a s s o c i a t e d  with a unique so lu t ion  
of the  p r o b l e m  ( 1 .  1 ) - (  I .  2 )  having d e r i v a t i v e s  z. 
domain  C ( s e e  w o r k  of Budak and  Gorbunov'8).  
should  d is t inguish  two c a s e s .  
i n t e g r a b l e  o v e r  t he  
1 XY 
H o w e v e r ,  h e r e  one 
1 )  If  t he  l ine  of d i scont inui ty  of t h e  function v ( x ,  y )  is p a r a l l e l  
to on(: o f  the coord ina te  a x e s ,  the  boundary  p r o b l e m  (1 .  I ) - (  1 . 2 )  
dcconiposcs  into two ana logous  p r o b l e m s  wi th in  the  r e g i o n s  b o r d e r i n g  
o n e  to  ano the r  a long  tha t  l ine .  
we  d e t e r m i n e  t h e  solut ion of the  o r i g i n a l  p r o b l e m  which  m a y  be 
cont inuous within the  domain  G a n d  e v e r y w h e r e  e x c e p t  a long  t h e  points  
By so lv ing  consecu t ive ly  t h e s e  p r o b l e m s ,  
4 
of t h e  d iscont inui ty  l ine  of con t ro l  v ( x ,  y ) ,  a n d  wil l  have  cont inuous 
d e r i v a t i v e s  Z i x ( X ,  y ) ,  Ziy(X, y ) ,  and z i x y ( x ,  y )  ( s e e  w o r k  of Budak 
a n d  Go  rbuno v 18). . 
2 )  Let  t h e  discont inui ty  l ine  r of the  function v (x, y )  have  no 
c o m m o n  s e c t i o n s  with the  c h a r a c t e r i s t i c s  of t h e  s y s t e m  ( 1 .  1 )  o v e r  
a n y  s e g m e n t  d i f f e r e n t  f r o m  z e r o .  
p r o b l e m  ( 1 .  1 ) - (  1 .  2)  we  unde r s t and  the funct ion z ( x ,  y) which s a t i s f i e s  
t h e  s y s t e m  of  equat ions  (1.  1)  i n  a l l  points of t he  domain  G not lying on  
I- a n d  t h e  condi t ions  ( 1. 2 )  t oge the r  with c e r t a i n  
of s m o o t h n e s s  a long  r ( s e e  w o r k  of Yegorov  ). 
uniquely d e t e r m i n e d ;  it is  cont inuous within the  d o m a i n  G a n d  h a s  
sec t iona l ly  cont inuous  d e r i v a t i v e s  zix,  z iy ,  and  zixy. 
Under  t h e  solut ion of the  boundary  
a p r i o r i  given condi t ions 
Such  a solut ion is 19 
Consequen t ly ,  i n  what  follows we wi l l  a s s u m e  t h a t  t o  e a c h  p e r -  
m i s s i b l e  con t ro l  one can  a s s o c i a t e  a c l a s s  of funct ions fo r  which  t h e  
boundary  condi t ion ( 1 .  1 ) - (  1 .2 )  can  be uniquely solved.  
Let A i ,  i = 1 ,  . . . , m, be a given s y s t e m  of r e a l  n u m b e r s .  L e t  
u s  t a k e  a n  a r b i t r a r y  p e r m i s s i b l e  con t ro l  v ( x ,  y )  a n d  denote  by  z ( x ,  y )  
t h e  r e s p e c t i \ - e  solut ion of the  p rob lem ( 1 .  1 ) - (  1. 2 )  a n d  s tudy  t h e  
func t iona l  
m 
S A i z i ( X ,  Y )  , ( 1 . 3 )  
\There X and  y a r c  c o n s t a n t s  en ter ing  in to  t h e  def ini t ion of the  domain  G .  
T h e  p r o b l e m  i s  then: a m o n g  a l l  the p e r m i s s i b l e  c o n t r o l s  one  is 
s u p p o s e d  t o  find s u c h  a con t ro l  v ( x ,  y )  ( i f  it exis ts)  tha t  o v e r  t he  solut ion 
z ( x ,  y )  of the  G o u r s a t  p r o b l e m  c o r r e s p o n d i n g  to  t h i s  con t ro l  the  
func t iona l  S attains its largcxst ( s m a l l e s t )  value.  
W e  will  c a l l  the  p e r m i s s i b l e  cont ro l  r e a l i z i n g  t h e  m i n i m u m  
( m a x i m u m )  of S t h e  min -op t ima1  ( m a x - o p t i m a l )  c o n t r o l  a c c o r d i n g  t o  
S ( s e e  w o r k  of Rozopocr  1 6  ).  
Note tha t  t he  p r o b l e m  (1.  1 ) - (  1 .  2 )  under  cons ide ra t ion  is  of g r e a t  
theorc.t ica1 a n d  p r a c t i c a l  i n t c r c s t .  T h e  s t u d y  of t h e  so lvabi l i ty  of t h i s  
p r o b l c m  f o r  v a r i o u s  a s snn ip t ions  rc.lati\ c t o  thc  function f i ,  p i ,  and  L/J~ 
20, 21. LL. 23, 24, 2 5  26, 27, 28 1 i t c  r a tu  r c . It  i s  a l s o  known i s  t h c  ob jec t  01 cx tens ive  
tha t  t h c, s tudy  of s o r  pt i on 
and  t h e  l i k v  rct1iicc.s t o  S I  
mc,tc,rs i n  Equat ions  ( 1. 1 
and clcsc)~-ption of gasc’s ,  d ry ing  p r o c e s s e s ,  
c h  a prolilerm. Thc  p r e s e n c e  o f  cont ro l  p a r a -  
allo\vs thc  control  p r o c e s s .  and  in  n u m e r o u s  
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c a s e s  the  se lec t ion  of t he  b e s t  ope ra t ing  condi t ions  wh ich  ( f r o m  the  
m a t h e m a t i c a l  point of v iew)  r e d u c e s  t o  t h e  ca l cu la t ion  of t h e  m a x i m u m  
o r  m i n i m u m  of a c e r t a i n  function. 
be r educed  t o  the  s tudy  of t he  funct ional  (1 .  3 ) .  
e x a m p l e s .  
I )  
In n u m e r o u s  cases  t h e  p r o b l e m  m a y  
Let u s  inves t iga t e  c e r t a i n  
One i s  supposed  t o  m i n i m i z e  t h e  funct ional  
If w e  in t roduce  a new v a r i a b l e  z o  by  put t ing 
the  p r o b l e m  r e d u c e s  t o  the  ca lcu la t ion  of t h e  m i n i m u m  of t h e  funct ion 
S = z o  ( X ,  Y )  which r e p r e s e n t s  a s p e c i a l  c a s e  of t h e  funct ional  (1 .  3 )  
a n d  is  defined o v e r  the  func t ions  z o ,  . . . 
of the  r e l a t ionsh ips  ( 1 .  I)-( 1. 2 )  and  ( 1 .  4) .  
, zm spec i f i ed  by  t h e  to ta l i ty  
2 )  One is  s u p p o s e d t o  m i n i m i z e  the funct ional  I = @ ( z l ( X ,  y ) ,  
. . . , z,(X, Y ) ) ,  w h e r e  @ is  a tw ice  cont inuous ly  d i f f e ren t i ab le  funct ion.  
W e  in t roduce  a new funct ion z o  ( x ,  y )  b y  m e a n s  of t he  equat ion  
m 
a n d  addi t ional  condi t ions 
T h i s  r e d u c e s  t h e  p r o b l e m  to the s tudy  of t h e  funct ional  S = z o  ( X ,  Y ) .  
3 )  Onc is  supposed  to  m i n i m i z e  the functional 
X 
I = F ( x ,  z ( x ,  Y ) ,  z x ( x ,  Y ) )  dx  . 
0 
W e  in t roduce  the  a u x i l i a r y  filnction z o  (x ,  y)  by m e a n s  of the  
equat ion 
a n d  addi t iona l  condi t ions 
4) I n  a n  ana logous  m a n n e r  one  inves t iga tes  the  p r o b l e m  
conce rn ing  the  min imiza t ion  of the  functional 
Y 
I =J F ( y ,  z ( X ,  y), z y ( X ,  y ) )  dy . 
0 
F o r  t h e  solut ion of the  fo rmula t ed  o p t i m u m  p r o b l e m  one  in t roduces  
t h e  a u x i l i a r y  funct ions u l ,  . . . , urn by  m e a n s  of t he  equat ion 
a n d  addi t iona l  condi t ions 
( I . .  6 )  
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w h e r e  A i  a r e  cons t an t s  en te r ing  in to  the  def ini t ion of the  funct ional  S ,  
Condit ions ( 1 .  6 )  r e p r e s e n t  o r d i n a r y  l i n e a r  d i f f e ren t i a l  equat ions  
with in i t ia l  condi t ions.  
In  the  g e n e r a l  c a s e ,  t he  r igh t -hand  s i d e  of t he  equat ions  (1. 5) 
z iyy ,  vx, and  v conta ins  funct ions z i x x ,  
in iposed on  Equat ions  ( 1 .  1) a n d  the  p e r m i s s i b l e  c o n t r o l s ,  it does  not 
follow tha t  s u c h  d e r i v a t i v e s  m u s t  exist. Consequent ly ,  w e  wi l l  a s s u m e  
in  what  follows tha t  t he  function fi  m a y  b e  r e p r e s e n t e d  in  the  f o r m  
However ,  f r o m  the  condi t ions  
y: 
t 2 C i j ( X ,  y ,  z )  Z '  t di (X,  y ,  %,  v )  . J Y  
w h e r e  the funct ions a . .  
o v e r  x and y and  a r e  twice  cont inuously d i f f e ren t i ab le  o v e r  t h e  o t h e r  
a r g u m e n t s .  If it t u r n s  out  t h a t  a . .  
one  m u s t  r e q u i r e  tha t  t he  p e r m i s s i b l e  c o n t r o l s  Lave sec t iona l ly  
continuous d e r i v a t i v e s  vx (x ,  y)  and v y ( x ,  y) .  
bi j ,  c i j ,  and  di  a r e  cont inuously d i f f e ren t i ab le  
1Jk.' 
b.., and c i .  do depend on v ,  then  1Jk'  1 J  
While sa t i s fy ing  t h e s e  condi t ions ,  t he  s y s t e m  of l i n e a r  equat ions  
(1.  5 )  has scc t iona l ly  cont inuous coef f ic ien ts  a n d  toge the r  with the  
addi t ional  condi t ions ( 1 . 6 )  determinc,s  uniquely u1 ( x ,  y ) ,  . . . 
for  each p e r m i s s i b l e  con t ro l .  Consequent ly ,  in  wha t  follows we wi l l  
a s s u m e  that the  function f i  a n d  the  p e r m i s s i b l e  c o n t r o l s  a r e  s u c h  t h a t  
t h e  boundary  p r o b l e m  (1 .  5 ) - (  1. 6 )  b e  unique so lvable  f o r  e a c h  p e r m i s s i b l e  
cont ro l .  
, u m ( x ,  y )  
Wc wi l l  s a y  tha t  t he  p e r m i s s i b l e  con t ro l  v ( x ,  y)  s a t i s f i e s  the  
condition of m a x i m u m  i f  the  r e l a t ionsh ips  
8 
i s  s a t i s f i e d  with A ( \ ,  y )  and u ( x .  y )  - the> sol t i t ions o f  p r o b l c m s  ( 1 .  1 
( 1 .  2 )  and  ( 1 .  5 ) - (  1 .  b )  co r re spon t l ing  to th(x c o n t r o l  \ (x, y ) ,  urhiic> t h t  . symbol ( (  ) )  clc~notc~s cqiiali ty valicl 111 a l l  po in ts  of t h e  domain  G 
(0 5 Y 5 X ,  0 < y 5 Y )  u.liilc tlicrc. may c v i s t  sc.ts U T  poin ts  lying ovc'r 
a finitc, n i i n i b v r  o i  I i i i ( ~ s  with zc'ro s u r f a c e .  The condi t ions  of rriininilim 
i s  clcfinccl in  an ana logous  way. 
THEOREM 1 ( the  p r i n c i p l c  of m a x i m u m ) .  For the p e r m i s s i b l e  
~ ~ ~ _ . _ _ _  
c o n t r o l  b(x, y )  t o  b e  n i in-opt imal  (n i ax -op t ima l )  a c c o r d i n g  to S ,  it is  
n c c e s s a r v  t h a t  i t  s a t i s f i e s  t h e  condition of niariniuni [ m i n i m u m ) .  
~~- ~.________ 
A 1 tho  11 gh t hi  s t h e o 1- (>  111 do c s not  s ii p 131 y s II f f i  c i (, tit c o ndi t i o n  s fo r 
A s  a rnattc\r of f a c t ,  tho  so lu t ion  
t h e  c x i s t c n c c  of optinirim c o n t r o l ,  i t  m a y  i)c util izvtl  for  t hc  p r a c t i c a l  
solt i t ion of t he  op t imun i  problen i .  
of t h i s  prubl(:im, a c c o r d i n g  t o  the  pr inc ip le  o f  n iax i inu in ,  l e a d s  t o  the  
ncvd of t lc~tcrniinit lg 211 t 1 ~ inl inowns z i :  u i .  and  1- f r o m  the 2n t I 
Ecltiations ( 1 .  I ) ,  ( 1 .  5 ) ,  antl ( 1 .  7 ) .  F i r s t  2n ?c~la t ions l i ips  r c p r e s c n t  
s e c o n d  o r t l c r  d i f forc~nt ia l  cclnations whose soll i t ion i n  g e n e r a l  g e n e r a t e s  
4n a r b i t r a r y  f( inct ioi is .  
condi t ions  ( 1 .  2 )  antl ( 1 .  6 ) .  
s p e a k i n g ,  thc  s c p a r a t i o n  of the soliltion o f  t h e  p rob lon i  ( I .  I ) - (  1 .  2 )  
s a t i s fy ing  t h c  condi t ions  of the niaxiriInni p r inc ip l c .  
thc nicaning o f  tlic p ro l i l c~m . that  thc optirnrir-n p rob lvn i  m u s t  ha\.e a 
m a n d a t o r y  s o l ( i t i o n ,  thcn  a t  l c a s t  on(' o i  the: di s c o \ . ( ~ r r ~ d  isolatccl so lu t ions  
m u  s t b e :  t h e x  c j  c s i r c t t l  on c . 
To c l imina tc  tlicni we havo 3n addi t iona l  
T h i s  i s  suff ic ient  t o  cl(,iino, generally 
If i t  a p p e a r s  f r o m  
2. T h e  Formula for the Increments of the Functional S 
If \ i s  a c e r t a i n  p c r n i i s s i b l c  control  and  L = L (x. y )  a so lu t ion  of 
thc, p r o b l e m  ( 1 .  1 ) - (  1 .  2 )  corrc,sponding to  t h i s  c o n t r o l ,  thcn  ti i t ,  fLinctional 
I i s  equal  t o  zero for an a r b i t r a r y  flinction 11 = (u,, . . . , ~ 1 ~ ~ ~ ) .  
Let \. = v (x, y )  be a c e r t a i n  pc>riniss iblc  con t ro l  and  z (x, y)  antl 
u ( x ,  y )  be  the  solut ion of t he  boundary  condi t ions  ( 1 .  1 ) - (  1 .  2 )  a n d  ( 1 .  5)- 
( 1 .  6) c o r r e s p o n d i n g  to  this con t ro l .  
a r b i t r a r y  p e r l n i s s i b l e  i n c r e n i c n t  A \ -  antl l o t  us tlcnote by z i A Z  a n d  
11 t A I I  t h e  soli i t ion of t h e  s a m e  probleriis but c o r r e s p o n d i n g  to t h e  
c o n t r o l  \' t A\. .  I t  i s  c l e a r  t h a t  thc functions A z i  and  Alii  s a t i s f y  t h e  
c o n di t i  o i i  s 
L c t  us gix-e the function \- a n  
9 
and  t h e  addi t ional  condi t ions  
Az i (O ,  y )  = A z i ( x ,  0) = 0 , 
A u ; ( X ,  Y) = 0, i = 1 ,  ... , m ,  
1 0  
(1 .  10) 
( 1 . 1 1 )  
w h e r  c) 
Equat ions  ( 1 .  10) a r e  o r d i n a r y  d i f f e ren t i a l  equat ions  w h e r e  with 
l i n e a r  f i  funct ions 
a r e  the i r  so lu t ions  which  s a t i s f y  the addi t iona l  condi t ions  ( 1 .  11) .  
B e c a u s e  of the uniqueness  t h e o r e m ,  func t ions  ( 1 .  13) f o r m  a unique 
solut ion of the  boundary  p r o b l e m  ( 1 .  l o ) - (  1. 11).  
Consequent ly ,  in a c c o r d a n c e  wi th  the  a b o v e  r e m a r k ,  
AI = I [ p  t A p ,  v + A v ]  - I [ p ,  v] = 0 . 
On the  o the r  hand ,  
( 1 .  14) 
. 
T h e  e x p r e s s i o n  unde r  the  s ign  of the i n t e g r a l  is t r a n s f o r m e d  by 
m e a n s  of t h e  G r e e n ' s  f o r m u l a  ( s e e  work  of T r i k o m i  29 , p. 196): 
JJ (qsxy  - sqxy)  dxdY = $  (CISy - s q y )  dy - (qs, - sq,) dx , 
G L 
w h e r e  L i s  the contour  l imi t ing  t h e  domain G ,  a n d  q and  s - a r b i t r a r y  
func t ions  having  sec t iona l ly  cont inuous d e r i v a t i v e s  of the  fir s t  a n d  
s e c o n d  o r d e r .  
r e d u c e d  t o  t h e  form 
S ince  G is a r e c t a n g l e ,  the G r e e n ' s  f o r m u l a  m a y  be 
X Y 
Y X -J (sqx)y  = 0 dx -! ( s q y ) x  = 0 dY 
0 
( 1 .  16) 
L e t  u s  i n s e r t  in to  th i s  equal i ty  g = Aui and  s = A z i .  Taking  in to  
accoun t  Equa t ions  ( 1.8) wi th  addi t ional  condi t ions  ( 1. 9 ) ,  ( 1 .  l o ) ,  and  
( 1. 1 l ) ,  we obta in  after e l e m e n t a r y  t r a n s f o r m a t i o n s  
Aniy]  dxcly . aH + A -  
'Y a Z .  
On t h e  o t h e r  hand ,  b e c a u s e  of the f i r s t  m equat ions  of ( 1 . 8 ) ,  w e  have:  
F r o m  t h e  two l a s t  equat ions  w e  obtain 
W e  now subs t i t u t e  in to  Equat ion  ( 1 .  16)  q = ui and  s - A z i .  
b c c a u s c  of Equat ions  (1 .  5 )  and  ( 1. 8)  a n d  t h e  boundary  condi t ions  ( 1.6)  
a n d  ( 1 .9 )  w e  have  
T h e n  
1 1  
1 2  
A z i X  t - aH Aziy]  d x d y  . (1 .  18) aH t -  
az .  
az ix  1 Y  
Since t h e  function z i  f o r m s  t h e  so lu t ion  of  t h e  s y s t e m  of equa t ions  
(1. l ) ,  we have 
U s i n g  the  T a y l o r  f o r m u l a ,  we obta in  t h e  cquality 
I ~ ( x ,  y ,  p + A p ,  v + A v )  - H ( x ,  y ,  p ,  V )  
a 2 H ( x ,  y ,  p t 8 A p ,  v t A v )  + I .  E A p i  
aPi 2 .  L, k = 1 
( 1 .  1 9 )  
t H ( x , y ,  p , v t A v )  - H ( x , y , p , v ) ,  0 5  8 5  1 .  
( 1 . 2 0 )  
F r o m  Equat ions ( 1 .  14) ,  ( 1 .  1 5 ) ,  and  ( 1 .  17) - (  1 . 2 0 ) ,  it  follows that 
m 
A I  = - A i A z i ( X ,  Y )  -JJ [ H ( x ,  y ,  p ,  v t A v )  
i = i  G 
A p i A p k d x d y  . 
I .  
Applying t o  the funct ionals  aH/ap i  the T a y l o r  f o r m u l a  and  taking 
in to  accoun t  the  equal i ty  (1. 14),  we f inal ly  obtain 
w h e r e  
A S  = C A ; A ~ ~ ( X ,  Y) 
T 2  ’ 1 is t h e  i n c r e m e n t  of t h e  funct ional  S ,  = q1 t 
3. The Estimate o f  the Residual Term in the Formula (1.21) 
T o  e s t a b l i s h  the  n e c e s s a r y  e s t i m a t e s  of t he  quant i ty  q w e  
i n t r o d u c e  a u x i l i a r y  funct ions a i (x ,  y)  and  pi(x,  y ) ,  putt ing 
S ince  the  funct ion f i  s a t i s f i e s  the  Lipschi tz  condi t ion ,  then  f r o m  the  
f i r s t  m equat ions  of t he  s y s t e m  ( 1 .  8) and  the condition ( 1. 9 )  we  obtain 
1 3  
x m  x r  
w h e r e  N and  N1 are defini te  pos i t ive  cons t an t s .  In t roducing  the  notat ion 
i = i  i = i  
(1. 2 3 )  
w e  obtain f r o m  inequa l i t i e s  ( 1 .  23) 
(1 .24 )  
Y 
t N l m l A v d y  , 
0 
X 
t N , m J  A v d x  , 
0 
w h e r e  
F r o m  t h i s ,  b e c a u s e  of the  known l e m m a  ( s e e  a r t i c l e  by Nemytsk iy  an,d 
S tepanov  p.  19) ,  it follows tha t  30 
Y 
a ( x ,  y) 5 MJ [ y ( x ,  y)  + P ( X ,  Y)] dy -t A V ( X ,  y) dy 
0 0 
w h e r e  M ,  M I ,  P,  PI a r e  posi t ive cons tan ts .  
e s t i m a t e s  ( 1.25)  for the  function y ,  we obta in  
Taking  into a c c o u n t  t he  
0 0 
F r o m  t h i s  we  find tha t  
X 
t P i 1  A v  (x ,  '1) dx . 
0 
( 1 . 2 6 )  
In tegra t ing  the f i r s t  of t h e s e  inequal i t ies  o v e r  5 be tween  the  l i m i t s  of 0 
and 6 and applying the  above men t ioned  l e m m a ,  w e  obtain 
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0 0 0  
From this and t h e  f i r s t  i nequa l i ty  ( 1 .  2 6 )  w e  have  
In a n  analogous m a n n e r  w e  find: 
F r o m  th is  and the inequa l i ty  ( 1 .  2 5 )  w e  obtain 
In this  m a n n e r ,  b e c a u s e  of ( I .  2 4 ) ,  the  inequa l i t i e s  
a r e  valid f o r  a l l  x and y ( 0  5 x 5 X ,  0 5 y 5 Y ) .  
0 0  0 
X Y  
Y (s, y )  5 QIJ A v  ( x ,  y )  tly t l s  
0 0  
x 
IAz iY (x, y)l 5 Q 2 J - r  A v  (x, y) dx dy t RZJ A v  ( x ,  y )  ds . 
G 0 
Applying an  ana logous  a p p r o a c h  to  the  l a s t  m equat ions  of t h e  
s y s t e m  ( 1 .  a ) ,  we obta in  
( 1 . 2 8 )  
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S i n c e  t h e  func t ions  d H /  api s a t i s f y  the Lipschi tz  condi t ion,  we obta in  
f r o m  t h e  l i r s t  Io rn iu l a  ( 1 .  2 2 ) ,  b e c a u s e  of t he  inequa l i t i e s  ( I .  2 7 )  and 
( 1 .  28 ) :  
0 0  0 0  
Consequen t ly ,  
and w h e r e  T i  a r e  def ini te  pos i t ive  cons t an t s .  
2 T h e  func t ions  8 H/8p i8pk  a r e  bounded in  the G r e g i o n .  Consequen t ly ,  
Jq,l 5 ( T q X Y  .+ T5Y t T 6 X ) J I  [ A v ( x ,  y)/' d s  d y  . 
G 
w h e r e  A ,  B ,  and C a r e  de f in i t e  posit ive c o n s t a n t s .  If t he  function A v  
d i f f e r s  f r o m  z e r o  on t h e  c i r c l e  G, of rad ius  E ,  t hen  f r o m  ( I .  29) it  
fo l lows  t h a t  
lq l  5 L e J j  A v 2  (x, y)  d x d y  , ( 1 .  30) 
G ,  
w h e r e  L d o e s  not depend on E .  
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4. Proof o f  Theorem 1. The Case of L inear  Control System 
F r o m  t h e  f o r m u l a  ( 1 .  2 1 )  f o r  t he  i n c r e m e n t s  of the  func t iona l  
and the e s t i m a t e  ( 1 ,  3 0 )  of the  r e s i d u a l  t e r m  wi th in  th i s  f o r m u l a ,  o n e  
c a n  eas i ly  obtain the  proof of T h e o r e m  1. 
A s  a m a t t e r  of f a c t ,  l e t  for the  s a k e  of d e f i n i t e n e s s ,  v ( x ,  y)  b e  a 
con t ro l  which i s  m i n - o p t i m a l  a c c o r d i n g  to  S ,  and z ( x ,  y )  and u ( x ,  y )  - 
t he  solut ions of b o u n d a r y p r o b l e m s  ( 1 .  1 ) - ( 1 . 2 )  and ( 1 . 5 ) - ( 1 . 6 )  
co r re spond ing  to  th i s  con t ro l .  T h e n  for  a n  a r b i t r a r y  p e r m i s s i b l e  
i n c r e m e n t  A v ( x ,  y )  t he  inequal i ty  A S  2 0 is  va l id .  Let u s  a s s u m e  
tha t  t he re  e x i s t s  a point ( c ,  q )  with in  the domain  G i n  which  t h e  m a x i m u m  
condition i s  no t  s a t i s f i e d ,  i .  e . ,  t h e r e  e x i s t s  a con t ro l  v s u c h  tha t  1 
Since the  funct ions z ( x ,  y )  and u ( x ,  y )  a r e  cont inuous and zx ,  zy, 
and v ( x ,  y )  a r e  sec t iona l ly  cont inuous ,  t h e r e  e x i s t s  a c l o s e d  r e g i o n  
G1 G containing the  point (i, q) in which  the l e f t -  and r igh t -hand  
s i d e s  of t he  inequal i ty  ( 1 .  31)  a r e  not cont inuous and ,  consequen t ly ,  
a r e  l ikewise not un i fo rmly  cont inuous .  If ( E ,  q )  i s  the  point of d i s -  
cont inui ty  of the  con t ro l  v ,  then  it m a y  b e  obvious ly  r e l a t e d  to  the  
boundary of the  domain  G . 
one m a y  spec i fy  a n u m b e r  6 > 0 f o r  which  
1 It fol lows f r o m  the  inequal i ty  (1.  3 1 )  t ha t  
i n  a l l  points ( x ,  y )  C G ,  C G’ , w h e r e  G ,  - c i r c l e  of radius E .  
in t roduce  the  con t ro l  
L e t  us  
Then  because  of the r e l a t ionsh ips  ( 1 .  2 1 ) ,  ( 1 .  3 0 ) ,  and ( 1 .  3 2 )  
1 w h e r e  A v = v - v(s, y ) .  S ince  the func t ion  A v  i s  bounded,  one m a y  
choose  the n u m b e r  E s o  s m a l l  t ha t  the e x p r e s s i o n  within the  squa re  
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b r a c k e t s  i n  t h e  f i r s t  p a r t  of the last inequal i ty  m a y  be  pos i t ive .  
A S  wi l l  b c c o m e  negat ive which con t r ad ic t s  the a s s u m p t i o n  about the 
m i n - o p t i m a l i t y  acco rd ing  to S of the cont ro l  v ( x ,  y ) .  
t h e  o r  e m .  
Then 
Th i s  p roves  the  
F o r m u l a  ( 1 .  2 1 )  f o r  t h e  i n c r e m e n t s  of t he  func t iona l  toge ther  with 
the  f o r m u l z s  ( 1 .  3 2 )  f o r  t he  r e m a i n d e r  t e r m  al low the  e s t a b l i s h m e n t  
of a m o r e  g e n e r a l  r e s u l t  for the l inear  boundary  p rob lem.  
A s  a m a t t e r  of f a c t ,  l e t  the cont ro l  p r o c e s s  be  d e s c r i b e d  by the 
boundary  p r o b l e m  
i = 1 ,  . . . ,  m, 
and l e t  s e a r c h  f o r  the  con t ro l  o v e r  which the funct ional  S a t t a ins  i t s  
m i n i m u m  ( m a x i m u m )  va lue .  In such  a c a s e  
m 
m 
t c U l f i  (v) , 
1 =  1 
and the funct ion u i  f o r m s  the solut ion of the  boundary  p rob lem 
m 
k= 1 
ui  ( X ,  Y )  = - A .  1 ’  i =  1 ,  . . . ,  m . 
( 1 .  34)  
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Since  accord ing  to what  w a s  prover1 e a r l i e r  
A u ~  ( x ,  Y )  = Au;  ( X ,  y )  0 
( s e e  f o r m u l a s  ( 1 .  1 3 ) )  w e  find 
F u r t h e r m o r e ,  
w = (Zl , . . . , "m, . . . , Zly, . . . , Z m y )  . 
Since  A u i ( x ,  y )  E 0 ,  i t  follows that  q 2  
untler inves t iga t ion ,  the  f o r m u l a  ( I .  2 I ) t a k e s  the  form 
0. Consequent ly ,  i n  the  c a s e  
A S  =-/J I€% ( x ,  y ,  p ,  v t A v )  - E€ ( x ,  y ,  p ,  v ) / d x  tly 
G 
By m e a n s  of the l a s t  f o r m u l a  one c a n  e a s i l y  p rove :  
( 1 .  35) 
TIIEOKEM 2. For the  p e r m i s s i b l e  con t ro l  v ( x ,  y )  of the  boundarv  
p r o b l e m  ( 1 .  3 3 )  t o  be loca l ly  m i n - o p t i m a l  ( m a x - o p t i m a l )  a c c o r d i n g  t o  S ,  
i t  is n e c e s s a r v  and suf f ic ien t  that  i t  s a t i s f i e s  the  condi t ion of m a x i m u m  
[ m i ni m uni ) 
5. The Control of a System by Means of Boundary Conditions 
Unti l  now we  a s s u m e d  t h a t  the c o n t r o l  is c a r r i e d  out on ly  b y  
How- 
m e a n s  of the  func t ion  v en te r ing  in to  Equat ion ( 1 .  1 )  o r  ( 1 .  3 3 ) .  The 
b o u n d a r y  v a l u e s  (1 .  2 )  of the funct ion z i  w e r e  c o n s i d e r e d  f ixed .  
e v e r ,  t he  me thod  which is  p r e s e n t e d  p e r m i t s  the  so lu t ion  of a m o r e  
g e n e r a l  p r o b l e m .  
L e t  the c o n t r o l  p r o c e s s  be desc r ibed  b y  the  s y s t e m  of equat ions 
( 1 .  1 )  while  the  boundary  va lues  of the funct ion z i  a r e  spec i f ied  not b y  
t h e  condi t ions  (1.  2 )  but  by  m e a n s  of the d i f f e ren t i a l  equat ions 
(1.  3 6 )  
and  in i t i a l  condi t ions 
( 1 . 3 7 )  0 z i  ( 0 ,  0 )  = z i  , i = 1 ,  . . . ,  m , 
w h e r e  t h e  funct ions 
t inuous ly  d i f fe ren t iab le  o v e r  the  r ema in ing  a r g u m e n t s .  v1 and v2 a r e  
c o n t r o l  p a r a m e t e r s  taking va lues  f r o m  t h e  domains  V 
t - d i m e n s i o n a l  euc l id ian  s p a c e s ,  r e spec t ive ly .  
and +i are  continuous o v e r  y and x and twice  con-  
1 and V2 of s -  and 
T h e  p r e s e n c e  of p a r a m e t e r s  within Equat ions  ( 1 .  3 6 )  p e r m i t s  the  
con t ro l  of t he  p r o c e s s  by m e a n s  of boundary condi t ions .  T o  the  p e r -  
m i s s i b l e  c o n t r o l s  wi th in  Equat ions  ( 1 ,  36 )  we  r e l a t e  also t h e  sec t iona l ly  
cont inuous funct ions v ( y )  and v (x)  with va lues  i n  the  r e g i o n s  V and 
V 2  r e s p e c t i v e l y .  
pp. 16 and 1 7 )  t h a t  e a c h  p a i r  of p e r m i s s i b l e  c o n t r o l s  v ( y )  and v 2 ( x )  
d e t e r m i n e s  by  m e a n s  of Equat ions ( 1 .  3 6 )  and  condi t ions  ( 1 .  3 7 )  a 
unique p a i r  of abso lu t e ly  cont inuous funct ions z ( 0 ,  y )  and z ( x ,  0 ) .  We 
wi l l  unde r s t and  i n  all what  follows under  p e r m i s s i b l e  con t ro l  within t h e  
boundary  p r o b l e m  ( 1 .  1 ) - ( 1 .  3 6 ) - ( 1 .  37)  the  funct ion 
1 2 1 
31 It is known ( s e e ,  for  i n s t a n c e ,  w o r k  of Sansone  , 
1 
whose  componen t s  a r e  sec t iona l ly  continuous func t ions  with va lues  i n  
the  d o m a i n s  V ,  V’ , and V2,  r e spec t ive ly .  Consequen t ly ,  t o  e a c h  p e r -  
m i s s i b l e  c o n t r o l  w(x, y)  t h e r e  c o r r e s p o n d s  a unique so lu t ion  of the 
boundary  p r o b l e m  (1 .  1 ) - ( 1 .  3 6 ) - ( 1 .  37 )  wi th  the s a m e  s m o o t h n e s s  con-  
d i t i ons  which we in t roduced  f o r  the boundary  p r o b l e m  ( 1 .  1 ) - (  1 .  2 ) .  
L e t  us  in t roduce  t h e  notat ion 
2 1  
The function u i  is defined by m e a n s  of Equat ion  ( 1 .  5 )  and the addi t ional  
conditions ( 1 .  6 ) .  
In the g e n e r a l  f o r m  one i s  not ab le  ye t  t o  so lve  the  o p t i m u m  p r o b l e m  
with boundary condi t ions (1 .  36) - (1 .  3 7 ) .  
u s ing  the above d e s c r i b e d  m e t h o d  i f  t he  following condi t ions 
H o w e v e r ,  i t  m a y  be solved 
a r e  sa t i s f i ed .  
Thus in .wha t  follows we a s s u m e  tha t  t he  condi t ions (1.  38) a r e  
sa t i s f i ed  and ,  consequent ly ,  tha t  f o r  a n  a r b i t r a r y  funct ion u (u l ,  . . . , urn) 
the  equal i t i es  
( 1 .  3 8 ’ )  
1 2 a r e  sa t i s f ied  no m a t t e r  what  t he  va lues  of v ,  v , and v f r o m  the  
r eg ions  V ,  V’ , and V 2 , r e s p e c t i v e l y  a r e .  
W e  wi l l  s a y  tha t  t h e  p e r m i s s i b l e  c o n t r o l  w(x, y )  i n  the  boundary  
p rob lem ( 1 .  1 ) - (  1 .  3 6 ) - (  1 .  3 7 )  s a t i s f i e s  the m a x i m u m  condi t ions i f  
w h e r e  z ( x ,  y) and u ( x ,  y )  a r e  t h e  solut ions of t he  boundary  p r o b l e m s  
(1.  1 ) - ( 1 .  36 ) - (1 .  37)  and (1 .  5 ) - ( 1 .  6) cor re spond ing  to the  c o n t r o l  w(x ,  y )  = 
(v(x ,  y ) ,  v ( y ) ,  v (x) )  whi le  t he  symbol  ( = )  i n d i c a t e s  a n  equal i ty  wh ich  is  
va l id  a l m o s t  e v e r y w h e r e  within the domain of t he  change  of the  a r g u -  
m e n t .  T h e  condi t ions of m i n i m u m  are  def ined i n  an ana logous  m a n n e r .  
1 2 
THEOREM 3 .  F o r  the  p e r m i s s i b l e  c o n t r o l  w(x, y)  i n  the  boundary  
condi t ion  (1 .  1 ) - ( 1 .  36 ) - (1 .  37) to be  m i n - o p t i m a l  ( m a x - o p t i m a l )  acco rd ing  
to  S.  it is n e c e s s a r v  tha t  i t  s a t i s f i e s  the condi t ions of m a x i m u m  
( m i n i m u m ) ,  
T h e  proof of th i s  t h e o r e m  is c a r r i e d  out following the  s a m e  s c h e m e  
as i n  the c a s e  of the proof of T h e o r e m  1:  one f irst  f inds  a f o r m u l a  f o r  
t he  i n c r e m e n t  of t he  func t iona l  followed b y  the  e s t i m a t e  of t he  r e s i d u a l  
t e r m ,  and only  then  one  p r o c e e d s  to  prove the  t h e o r e m .  
F o r  t h e  e s t a b l i s h m e n t  of the f o r m u l a  f o r  t he  i n c r e m e n t  of t he  
func t iona l ,  we  t a k e  an  a r b i t r a r y  p e r m i s s i b i e  con t ro l  w ( x ,  y )  and 
denote  b y  z ( x ,  y )  and u ( x ,  y) the  solut ions of t h e  boundary  p r o b l e m  
(1. l ) - ( l .  36 ) - (1 .  37)  and (1 .  5 ) - ( 1 . 6 )  co r re spond ing  to this c o n t r o l .  
t h e  equa l i ty  
Then  
is val id .  
2 3  
Let  u s  denote  b y  Aw the  a r b i t r a r y  p e r m i s s i b l e  i n c r e m e n t  of the 
c o n t r o l  w(x, y )  and by  Az and Au the  i n c r e m e n t s  of the func t iona l  
z ( x ,  y )  and u ( x ,  y )  c o r r e s p o n d i n g  to  t h i s  con t ro l .  I t  is c l e a r  t ha t  
A I =  I p t Ap, w t Aol  - I lp ,  wI = 0 . I 
T o  t r a n s f o r m  A I  we  s t a r t  f r o m  the  equat ion 
which  is val id  f o r  a r b i t r a r y  twice  sec t iona l ly  cont inuous ly  d i f f e ren t i ab le  
funct ions p and q which equat ion m a y  be d e r i v e d  from the G r e e n ' s  
fo rmula  (1 .  16 ) .  
Af t e r  putting into Equat ion  (1 .40 )  p = A u i  and q = A z i  and tak ing  
in to  account t he  condi t ions ( 1 .  3 8 ' ) ,  we find 
24 
2 
O ) '  v,) A z i  (x, 0 )  d x  
aH2 (s, q (x, 
az i  
0 1=1 
On t h e  o the r  hand  
X 
v n1 m 
25 
From the two las t  equat ions  w e  obta in  
(1.41) 
F u r t h e r m o r e ,  us ing  the  same method  a s  du r ing  the  de r iva t ion  
o f  f o rmulas  ( 1 .  18) a n d  ( 1 .  1 ? ) ,  w e  find 
x 
26 
( 1 .43)  
Tak ing  in to  accoun t  Equat ions  ( 1 .41) ,  ( 1 . 4 2 ) ,  a n d  ( 1.43)  a n d  the  
fact t h a t  A I  = 0 ,  w e  find us ing  the  s a m e  me thod  a s  du r ing  the  proof  
of T h e o r e m  1 t h e  f o r m u l a  f o r  the  i n c r e m e n t  of t he  funct ional  
w h e r e  q = q l  t q2  t , 
3 
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X 
L e t  us now e s t i m a t e  the  r c s i d u a l  term '1 i n  t h e  f o r m u l a  (1 .44) .  
T h e  magni tudes  q 
z a n d  u on the  boundary  of the  domain  G .  
t he  conditions ( 1 .  37)  we obta in  b e c a u s e  of t he  L i p s c h i t z  condi t ions  
and  q / ?  / a r e  def ined  b y  t h e  va lues  of t h e  funct ion 
F r c x  Ecjiiatlo~s ( i .  36 j  a n d  2 
2 8  
F r o m  t h i s ,  a c c o r d i n g  t o  t h e  l e m m a  ment ioned  b e f o r e ,  it follows tha t  
Y 
I A z i ( 0 ,  y)I 5 M OJC I AVt(Y)l dY 
0 1 = 1  
( 1.45)  
We i n t r o d u c e  the  nota t ions  
S i n c e  the  func t ions  f i  s a t i s f y  the L ipsch i t z  cond i t ions ,  then  l ike i n  t h e  
c a s e  of t h e  d e r i v a t i o n  of inequa l i t i e s  ( 1 .  2 3 ) ,  we obta in  h e r e  
Y X 
t N3 I A v ( x ,  y)  dy t N , J A v 2 ( x )  dx t N 5 A v 2 ( x )  , 
0 0 
29 
w h e r e  
F r o m  th i s  we find: 
Y 
A v 2 ( x )  dx  t N 9 A v 2 ( x )  , i 0 
0 
Y 
t M, r A v ' ( y )  dy  t M s A v ' ( y )  . 
J 
0 
Taking in to  accoun t  the estimates f o r  t h e  funct ion Y, w e  find 
A v 2 ( x )  dx + N 9 A v 2 ( x )  , i u 
30 
1 + M, f A v ' ( y )  dy t M , A v  ( y )  . 
0 
F r o m  t h e s e  inequa l i t i e s  we  obtain 
(::: ) 
A v j x ,  q)  dx + M, A v ' ( y )  dy + A v 2 ( x )  dx 
13 
0 0 0 
M7 
In t eg ra t ing  the  first of t h e s e  inequal i t ies  o v e r  6 between the  l i m i t s  
of 0 a n d  5 and  applying the  above  ment ioned  l e m m a ,  we find 
X 
t N 1 6 i  A v 2 ( x )  dx . 
I n  a n  ana logous  m a n n e r ,  f r o m  the second  inequal i ty  we obtain 
31 
From this  a n d  t h e  inequa l i t i e s  (:::), we find 
A\, ( x ,  y )  dx 
G 18 i 0 ~ A z .  (x ,  y)1 5 M17{JAv(x, y )  d x t l y  + iV 1Y 
A\ .2dx  t h i , A v l ( y )  . ( 1. 46)  i Av’dy t Iv- 20 i 0 + N . 1 9  0 
In  a n  ana logous  m a n n e r  wc: g e t  
( 1 .  4 7 )  
If A v f ( y )  = Av2(x)  = 0 , whilc, A v .  ( x ,  y )  + 0 , then  f rom ( I .  4 6 )  
a n d  ( 1 .  47) we  ob ta in  t h e  inequa l i t i e s  ( I .  2 7 )  a n d  ( 1 .  2 9 ) .  
1 1 1 
A f t e r  e s t a b l i s h i n g  
th i s  fact ,  w e  g o  over d i r e c t l y  t o  t h e  proof  o f  t h e  t h e o r e m .  
Let f o r  the s a k e  of d e f i n i t v n c s s  t h c  p c ~ r r n i s s i h l e  con t ro l  LI (X,  
( v  (x ,  y ) ,  v ( y ) ,  v ( x ) )  bc ni in-opt i lnal  a c c o r d i n g  to S. Thvn d(ir 1 2 
3 2  
Y )  = 
ng a n  
a r b i t r a r y  Aw the  inequal i ty  A S  2 0 is  val id .  L e t  u s  a s s u m e  t h a t  the  
t h e o r e m  i s  not t r u e .  Then  within the  c losed  domain  G one  c a n  ind ica te  
e i t h e r  a s u r f a c e  domain  G ,  within which the  f i r s t  equa l i ty  ( 1 .  3 3 )  i s  not 
fu l f i l l ed ,  o r  a s e g m e n t  of a s t r a i g h t  l i n e  loca ted  o n  the  boundary  of G 
o v e r  which  one  of t h e  two last  equal i t i es  ( I .  39)  is not s a t i s f i ed .  
In  t h e  f i r s t  of t h t s c  cases  one  c a n  find the  p e r m i s s i b l e  c o n t r o l  
V s u c h  tha t  
T h e n  t h e r e  exists a 6 > 0 s u c h  tha t  
f o r  (x ,  y )  G ,  C G ,  , w h e r e  G ,  - a c i r c l e  of r a d i u s  E l oca t ed  
ad jo in ing  the  boundary  i n  the  i n t e r i o r  of  the  domain  G ,  . 
A v  = A v  = 0 and  r e p e a t i n g  t h e  s a m e  reason ing  a s  the  one  c a r r i e d  
d u r i n g  t h e  proof  of T h e o r e m  1, we  obtain b y  m e a n s  of t he  e s t i m a t e s  
( 1 . 4 6 )  a n d  ( 1.47)  t ha t  A S  0. However ,  t h i s  c o n t r a d i c t s  t he  condi t ion 
a n d  ind ica t e s  t ha t  t h e  f i rs t  equal i ty  is  s a t i s f i ed  under  t h e  condi t ions  
of m a x i m u m .  
Put t ing  
1 2 
Let us  inves t iga t e  the  s e c o n d  case .  F o r  de f in i t eness  we a s s u m e  
V 2  and  a s e g m e n t  1 of the y = 0 boundary  of the  domain  
that t h e  l a s t  equat ion ( 1 .  3 2 )  is  not  sa t i s f ied .  
c o n t r o l  ‘Y2 
G s u c h  t h a t  
T h e r e  e x i s t s  then  a 
- 2 
E, (x ,  q ( x ,  O ) ,  v-2) - 1 1 ,  (x, q ( x ,  O ) ,  v ) > 0 
f o r  x € 1. Consequen t ly ,  one  c a n  specify a n u m b e r  6 > 0 s u c h  tha t  
-2 2 
1 1 2  ( x ,  q ( x ,  01, v 1 - H, ( x ,  q ,  ( x ,  0) v 
f o r  x E: 1, C 1,  w h e r e  l E  i s  a segmen t  of 
1 
1 
A v i  = A v .  = 0 
a n d  s tudy  the  a u x i l i a r y  c o n t r o l  
-1  1 
0 (x, y )  = (v, v , T 2 )  , 
w h e r e  
> 6  
ength  e .  L e t  u s  put 
3 3  
2 v for  x € 1, , 
v for  x € 1, . -2 
Then  the r e s i d u a l  t e r m  rl i n  Equat ion  ( 1.44)  co inc ides  wi th  q2 ( s e e  
Equation ( 1 .44 ' ) )  w h e r e  
and  consequent ly ,  A v 2  d i f f e r s  f r o m  z e r o  only f o r  x f 1,.  
Since t h e  function aH, / a q i  s a t i s f i e s  t he  L i f sch i t z  condi t ions  and  
2 a H7 /8q i8qk  a r e  bounded,  ther b e c a u s e  of t he  e s t i m a t e s  (1 .45 )  and 
( 1.4-7) w e  obta in  
w h e r e  M i s  a cons t an t  independent  on E. 
wc can e a s i l y  e s t a b l i s h  tha t  A S  > 0 and  t h i s  c o n t r a d i c t s  t he  a s s u m p t i o n  
about  t he  rn in-opt imal i ty  a c c o r d i n g  t o  S of t hc  c o n t r o l  W ( X ,  y ) .  
By m e a n s  of this e s t i m a t e  
T h e o r e m  3 is  thus  fully proved .  
Let now the  c o n t r o l  p r o c e s s  be  d e s c r i b e d  by  the  s y s t e m  of l i n e a r  
equat ions 
m 
wi th  the addi t iona l  condi t ions 
m 
34  
Z l ( 0 ,  0 )  = "i 0 3 i = 1 ,  . . . ,  m .  ( 1 .  50) 
T h e  s p e c i a l  choice  of t he  coef f ic ien ts  i n  s y s t e m s  ( ! .  49)  follows 
L ike  during the  proof of T h e o r e m  2 ,  f r o m  the  r e q u i r e m e n t s  ( 1 .  38). 
w e  find that i n  t h e  c a s e  
f o r m u l a  ( 1.45) is  equal  
unde r  invest igat ion the  r e s i d u a l  t e r m  q i n  
t o  z e r o  a n d ,  consequent ly ,  
X 
- I [H2 (x, q ,  v2 f A v 2 )  - HZ(x, q ,  v2)I dx 
0 
Y 
F r o m  t h i s  f o r m u l a  follows the  validity of the  following t h e o r e m .  
THEOREM 4. F o r  a p e r m i s s i b l e  con t ro l  ~ ( x ,  y ) i n  t he  boundary  
p r o b l e m  ( 1 .48) - (  1 .49) - (  1. 50) t o  b e  local ly  m i n - o p t i m a l  ( m a x - o p t i m a l )  
a c c o r d i n g  t o  the  funct ional  S = E Aizi ( X ,  Y )  it is n e c e s s a r y  and  
suf f ic ien t  t ha t  it s a t i s f i e s  the  conditions of m a x i m u m  ( m i n i m u m ) .  
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Section I I .  OTHER PROBLEMS OF OPTIMUM CONTROL 
FOR HYPERBOLIC SYSTEMS 
W e  inves t iga te  the  s a m e  p r o b l c m  conce rn ing  the. m i n i m i z a t i o n  of 
the  funct ional  S = C A i z i  ( X ,  Y )  in  which the  con t ro l  p r o c e s s  is d e s c r i b e d  
by  the  boundary  p rob lem ( 1 .  1 ) - (  1 .  3 6 ) - ( 1 .  3 7 )  w h e r e  zp , i = 1 ,  . . . , m 
are  given n u m b e r s .  
omit ted by the  r e q u i r e m e n t  tha t  the  r e s p e c t i v e  n u m b e r s  z i  ( X ,  Y )  belong 
to a convex s e t  D of the  s p a c e  of the  v a r i a b l e s  zl ,  . . . , zm. 
m a n n e r ,  i n  t he  p r o b l e m  under  inves t iga t ion ,  t h e  p e r m i s s i b l e  c o n t r o l s  
into points of reg ion  D 
r e g i o n  D conta ins  i n t e r n a l  points  and tha t  i t  is c l o s e d .  
The  p e r m i s s i b l e  con t ro l s  def ined in  Section I a r e  
In t h i s  
t r a n s f e r  b y  m e a n s  of Equat ions  ( I .  1 )  and ( 1 .  3 6 )  t he  point  ( zy  , . . . , qn 1 
In what  fo l lows ,  w e  wi l l  a s s u m e  th,it the  convey 
F o r  the  solut ion of the 
in  t r o duc e t h e fun c t i  o n 
and denote by  D::: the  s e t  of 
A ( z + )  z m i n  A ( z )  
z € D  
16 p r o b l e m  l ike  in  the  pape r  by  Rozopoer  w e  
points z:::  D::: a t  which 
If t h e  s e t  D::: i s  not e m p t y ,  then 
a n d ,  consequent ly ,  the  funct ional  
S = C A i z i  ( X ,  Y )  , 
defined ove r  the  so lu t ions  of the  boundary  p r o b l e m  ( 1 .  1 ) - (  1 .  3 6 ) - (  1. 3 7 )  
cannot  take  va lues  s m a l l e r  than  A(z;::). If t h e r e  e x i s t s  a p e r m i s s i b l e  
c o n t r o l  which t r a n s f e r s  t h e  point z o  into an  a r b i t r a r y  point of the s e t  
D;::, then s u c h  a c o n t r o l  is  a m i n - o p t i m a l  acco rd ing  to  S.  
c a s e ,  the problem r e d u c e s  to  the  ca lcu la t ion  of c o n t r o l s  t r a n s f e r r i n g  
zo in to  a given domain .  
what  follows, i. e .  , we a s s u m e  tha t  t h e r e  a r e  no p e r m i s s i b l e  c o n t r o l s  
t r a n s f e r r i n g  z o  into D:::. 
In s u c h  a 
Such  a p rob lem wi l l  not b e  inves t iga t ed  i n  
1. The Necessory Optimality Conditions 
We wi l l  s a y  tha t  t he  p e r m i s s i b l e  c o n t r o l  w(x, y) s a t i s f i e s  the  
m a x i m u m  condi t ion r e l a t i v e  to  the giyen funct ion u ( x ,  y )  i f  the  condi -  
t ions ( 1 .  39) a r e  s a t i s f i e d ,  w h e r e  z ( x ,  y) is the  solut ion of the  boundary  
problcrr, (1 .  1)-(1. 36) - (  1. 37). 
THEOREM 5.  - If w(x, y)  is min -op t ima l  con t ro l  acco rd ing  to  S and 
Z ( Y ,  y )  - t h e  co r re spond ing  solut ion of  the p r o b l e m  ( 1 ,  1 ) - ( 1 .  3 6 ) - ( I .  37 ) ,  
t h e n t h e r e  exists a vec to r  funct ion u (x ,  y )  r e l a t i v e  to which the  con t ro l  
w ( x ,  y )  s a t i s f i e s  the  m a x i m u m  condition. 
L e t  
b e  a m i n - o p t i m a l  con t ro l  acco rd ing  to  S and z ( x ,  y )  - its c o r r e s p o n d i n g  
so lu t ion  of the  boundary  p r o b l e m  ( 1 .  1 ) - ( 1 .  36 ) - (1 .  37) .  
D-  (D') t ha t  p a r t  of the  domain  D for  which 
We denote  by 
The  g e n e r a l  p a r t  of t h e s e  c losed  convex r e g i o n s  is t h e  plane 
m 
i=i 
A i  ( ~ i  - z i ( X ,  Y ) )  = 0 , 
which  con ta ins  the  point z ( X ,  Y ) .  Since t h e  cont ro l  w(x, y )  is  the  m i n -  
op t ima l  acco rd ing  to  S ,  t h e r e  do not  ex is t  p e r m i s s i b l e  c o n t r o l s  t r a n s -  
f e r r i n g  the  point zo into the domain  D- .  Noting th i s  f a c t ,  we  in t roduce  
the  v a r i a t i o n  of t h t  con t ro l  a s s u m i n g  that  a l l  t h e  p e r m i s s i b l e  con t ro l s  
a r e  sec t iona l ly  cont inuous.  
We choose  a r b i t r a r y  points 
in  the  domain  G and denote  by  G . .  the r e c t a n g l e  f o r m e d  by the  ad jacen t  
points  (xv ,  yp) i n  which the  c o r n e r  of the l o w e r  le f t  ang le  is r e p r e s e n t e d  
b y  the point ( x i ,  yj). 
1J  
We e s t a b l i s h  the s q u a r e  
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where  the  n u m b e r  T i s  chosen  so  s m a l l  t h a t  f o r  t h e  given s e t  of points  
( x i ,  y . )  t h e s e  s q u a r e s  do not have c o m m o n  points:::. J 
We take  an  a r b i t r a r y  sec t iona l ly  cont inuous v e c t o r  - func t ions  
a i j ( x ,  y ) ,  p i ( x )  and y j (y )  defined f o r  x, y c  [0,  11 and taking va lues  i n  
the  domains V ,  V2 ,  and V , r e s p e c t i v e l y ,  of the  changes  of t he  cont ro l  
p a r a m e t e r s  v ,  v , and v . We in t roduce  funct ions 
1 
2 1 
, and Q wil l  denote  the  to t a l i t y  of a l l  
poss ib le  v a r i e d  c o n t r o l s  co r re spond ing  to  a l l  poss ib l e  s q u a r e s  I i j  and 
a l l  poss ib le  func t ions  a ik ,  p i ,  and yk of the  above ment ioned  type.  We 
denote  the solut ion of the boundary  p r o b l e m  (1. l ) - ( l .  36 ) - (1 .  37 )  c o r r e -  
sponding t o  the con t ro l  UbEQ by z (x ,  y,  Ub). 
A z ( x ,  y, 0) = Z ( X ,  y, W b )  - z(X, y ,  a) 
Then  the funct ion 
i s  the solut ion of the boundary  p r o b l e m  
aH 
Az ixy(x ,  y ,  a) = A -  , (x, y ) € G ,  aui 
:::In the c a s e  when the  n u m b e r  of points  (xi ,  y j )  is f in i te ,  t h e r e  a r e  
no doubts concern ing  the  ex i s t ence  of s u c h  a T. 
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= A S  , x f  ( O , X ] ,  au i  
A z i  (O ,O,w)=  0;  i = 1 ,  . . . , m. ( 2 . 3 )  
S ince  Equa t ions  ( 2 . 2 )  a r e  o r d i n a r y  d i f f e ren t i a l  e q u a t i o n s ,  t hen ,  a c c o r d -  
ing  t o  r e s u l t s  of t h e  p a p e r  by Rozopoer"  i t  fol lows from ( 2 . 2 )  and (2 .  3 )  
that :  
o k = i  
w h e r e  
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It w a s  shown in the  s a m e  p a p e r  tha t  
j = i  s = i  
w h e r e  the m a t r i c e s  Ais and Bis d o  not depend on  the cho ice  of the func- 
t ions (3. and Y i .  
1 
F r o m  the r e l a t i o n s h i p s  ( 2 .  1 )  it  follows that 
H c r e  \ v c  i n t roduce  the following notation: 
where  
In an ana logous  m a n n e r  we  find that  
( 2 . 7 )  
I 
w h e r e  
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a2f i (x ,  y, W t BAw, V b )  AwSAw 9 d x  
0 awsawq 
s ,  q = l  
According to what  w a s  proved e a r l i e r  ( s e e  unequa l i t i e s  (1 ,46 ) )  one 
c a n  spec i fy  a pos i t ive  n u m b e r  N s u c h  tha t  
and un i fo rmly  o v e r  x and y 
T-0 T+ 0 T+ 0 
Introducing the subs t i t u t ions  
and going o v c r  t o  the limit we obtain 
Onc, c a n  show tha t  thc. to ta l i ty  of Equa t ions  ( 2 .  5 ) ,  ( 2 .  6 ) ,  and ( 2 .  7 )  
i s  so lvablc  and f o r  a l l  ( x , y )  no t  l oca t cd  on the  l a t t i c e  s = sj, and y = yy 
t h e r e  cx is t  l i m i t s  
42 
T-0 T 
wh c r e 
Dividing t h e s e  equat ions  by T going o v e r  to  the l i m i t  fo r  T --O, 
we find: 
> (2. 8 )  
F r o m  the  way  the func t ions  6 z i ( x ,  0,  w) and b z i ( 0 ,  y, w) w e r e  defined 
i t  fo l lows  tha t  
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fo r  
0 x x1, 0 i y s  y l ,  
and ,  conscqucnt ty ,  f r o m  ( 2 .  8) i t  fol lows tha t  
f o r  
F u r t h c r ,  f r o m  the r c l a t i o n s h i p  ( 2 . 4 )  and ( 2 .  8 )  W C  obta in  
s --1 "1 0 s -  1 
s - 1  0 s 1  
f o r  
Solving th i s  s y s t c m ,  f o r  i n s t ance ,  by thc  mc,thod of s u c c e s s i v e  approx i -  
ma t ions ,  w c  find tha t  thc  funct ion 6z i  m a y  bc r e p r e s e n t e d  in  the f o r m  
m 
wherc  Alis  ( x ,  y ,  x1) is the ful ly  def incd  funct ion not  depending  on the  
choice of thc  func t ions  a'. p i ,  and y '  
we defincl 
Cont inuing t h e s e  d e l i b e r a t i o n s ,  l J  ' J '  
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( 2 . 9 )  
0 ,i y y1, X l <  x ,i XES’ = x. 
We f ind i n  a n  ana logous  way that  
m k  
s = 1  p=1  
( 2 . 1 0 )  
From t h e s e  r e l a t ionsh ips  i t  follows in  p a r t i c u l a r  t ha t  
m 
s -  1 
Consequent ly ,  funct ions 6z . jx ,  y ,  w) w’riish a r e  clcfizzc! by the fn rmi i l a s  
( 2 .  9 )  and ( 2 .  10)  a r e  g e n e r a l l y  speaking d iscont inuous  along the l i nes  
x =  x1 and y = y 
1 
k’ 
Continuing ana logous  de l ibe ra t ions ,  w e  g e t  
Subst i tut ing in  th i s  equal i ty  x = X ,  and y = Y ,  we  obta in  f ina l ly  
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- 
s = i  j = i  p = i  ( 2 . 1 1 )  
j P w h e r e  the cons t an t s  C . .  
of a i j ,  p i ,  and  y 
, D i s ,  and Fis d o  not  depend on the choice  
l J  PS 
j. 
The Point 
z ( X ,  U) t 6Z(X, Y, w) 
cor re spond ing  to the a r b i t r a r y  v a r i a t i o n  ob€ 52 of the  c o n t r o l  o g o e s  
o v e r  a c e r t a i n  s e t  II within the  s p a c e  of the  v a r i a b l e s  z1, 
the s a m e  m a n n e r  as i t  w a s  done in  the  p a p e r  by Rozopoer16 one  c a n  s h o w  
tha t  i t  i s  convex  and tha t  i t s  a r b i t r a r y  i n t e r n a l  point  cannot  belong to  
the in t e rna l  p a r t  of the  s e t  D-.  
point z ( X ,  Y )  one c a n  d r a w  the plane 
. . . , z m .  I n  
I t  fol lows f r o m  th i s  t ha t  th rough the 
a i ( z i  1- z i  ( X ,  Y ) )  = 0 ,  
i : i  
( 2 . 1 2 )  
dividing the  s e t s  II and D w h e r e  the s i g n s  of the coef f ic ien ts  ai m a y  b e  
chosen  in s u c h  a way the II is i n  the h a l f - s p a c e  
m 
a p i  - Zi(X, Y ) )  3 0. c i=  1 
Consequent ly ,  f o r  a n  a r b i t r a r y  a b  
a i6z i (X,  Y ,  w )  3 0 ,  c 
1. e . ,  
C aiAzi(X,  Y ,  w) 
lim 2 0. 
7-0 
T 
we ;nt rnr7 . . r r .  - . . - - - - I :  - -  
l l l r l  vuuL-cI ~ U A ~ L L ~ I  y iunc t ions  u by  m e a n s  of Equa t ions  ( 1. 5) i 
and addi t ional  condi tons 
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(2 .  13)  
Using the  s a m e  method which we applied above ,  we  c a n  obta in  a fo rmula  
f o r  the  i n c r e m e n t  of the funct ional  
- 
S = a iz i (  X, Y )  
i n  the  f o r m  (1.  44)  and ,  consequent ly ,  the s a m e  method m a y  be used  to  
show tha t  the  condi t ions of the m a x i m u m  (1 .  39) a r e  n e c e s s a r y  i n  o r d e r  
tha t  the p e r m i s s i b l e  con t ro l  w(x, y) r e a l i z e s  the m i n i m u m  of the funct ional  
S. However ,  S a t t a i n s  its m i n i m u m  over  the min -op t ima l  c o n t r o l  
a c c o r d i n g  to S. 
- - 
T h e o r e m  5 is thus  ful ly  proved.  
It is obvious tha t  the s t a t e m e n t  jus t  p roved  r e m a i n s  valid even  in  
the c a s e  when the c o n t r o l  p r o c e s s  is d e s c r i b e d  by the boundary  p r o b l e m  
( 1 . 1 ) - ( 1 . 2 ) .  
If the  con t ro l  p r o c e s s  is desc r ibed  by a l i n e a r  boundary  p r o b l e m  
( 1 . 4 8 ) - ( 1 . 4 7 ) - ( 1 .  50) ,  then one encoun te r s  as  valid 
THEC>REM 6 .  L e t  z (x  2 1 7 1  ? I  h e  the sol i l t ion of the boundary  p r o b l e m  -
(1 .  4 8 ) - (  1 . 4 9 ) - (  1 .50) ,  c o r r e s p o n d i n g  to the  con t ro l  w(x, y)  and sa t i s fy ing  
the condi t ion  z ( X ,  Y )  = z l .  Then,  if w ( x ,  y )  s a t i s f i e s  the condi t ion of 
m a x i m u m  ( m i n i m u m )  r e l a t i v e  to  the funct ions u i (x ,  y) taking the boun- 
d a r y  va lues  
u i (X ,Y)  = -XAi - p B i ( z l ) ,  p 3 0, A >  0 ,  
w h e r e  B i ( z l )  __ a r e  the coord ina te s  of the n o r m a l ,  pe rpend icu la r  t o  the D 
hyperp lLne ,  then  the  con t ro l  w(x, y) i s  m i n - o p t i m a l  a c c o r d i n g  t o  the 
func t iona l  
m 
S =c Aiz i (X ,Y) .  
i = i  
T h e  proof of t h i s  t h e o r e m  a g r e e s  a l m o s t  comple t e ly  with the proof 
of the c o r r e s p o n d i n g  t h e o r e m  ( s e e  T h e o r e m  4 in  the p a p e r  by Rozopoer  
f o r  o r d i n a r y  d i f f e ren t i a l  equat ions .  
1 6  
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2. The U s e  of Theorem 5 for t h e  Solution of Certain Specific Problems 
The r e s u l t  j u s t  obtained d o e s  not ,  g e n e r a l l y  speaking ,  p r e s e n t  
However ,  i n  n u m -  a method f o r  the  e s t a b l i s h m e n t  of the v e c t o r  u ( x , y ) .  
e r o u s  p a r t i c u l a r  cases  th i s  p r o b l e m  m a y  be  so lved .  
of these .  
L e t  u s  s tudy  s o m e  
1)  T h e  point z ( X , Y )  is  loca ted  wi th in  the d o m a i n  D. 
ai = Ai, s i n c e  a n  a r b i t r a r y  plane i n  addi t ion  to  the  p lane  
(2.  1 2 )  c r o s s i n g  the  point z ( X , Y )  c u t s  the  r eg ion  D- a n d ,  
consequent ly ,  cannot  s e p a r a t e  D- and II. 
T h e  point z ( X ,  Y )  belongs t o  the boundary  of the  d o m a i n  D 
which  is spec i f ied  by the inequal i ty  F ( z ) <  0 ,  T h e n  the  
boundary  is spec i f ied  by the  equat ion  F ( z )  = 0. If the  
funct ion F ( z )  is d i f f e ren t i ab le ,  then  the equa t ion  of the 
tangent ia l  plane through thc  point z ( X ,  Y )  has the  f o r m :  
Then 
2 )  
m 
Bi (z i  - z i ( X , Y ) )  0 ,  R i  = 
z = z ( X ,  Y )  c i -  1 
Since the plane 
C a i ( z .  - z i ( X , Y ) )  = 0 
1 
l ikewise c r o s s e s  thc  point z ( X ,  Y ) ,  then  
w h e r e ,  without  a loss of g e n e r a l i t y ,  one  c a n  a s s u m e  tha t  
x 3- 0, p. 3 0 ( A Z  t tLz + 0 ) .  
Since ai is d e t e r m i n e d  with a c c u r a c y  u p  to  a cons t an t  m u l t i p l i e r ,  then 
only one of the  quan t i t i e s  A and p. is independent .  S ince ,  a c c o r d i n g  to  
the condi t ions of ( 2 .  1 3 ) ,  ui(X, Y )  - a i  and F ( z ( X ,  Y ) )  = 0 ,  we obta in  
m t 1 r c l a t ionsh ips  
u i (X ,Y)  = - \ A i  - pBi ,  F ( z ( X , Y ) )  = 0 ,  i = 1 ,  . . . , m, ( 2 .  14)  
f o r  the d e t e r m i n a t i o n  of ui(X, Y )  and of t h < ~  quan t i t i c s  X o r  p. Adding 
to  ( 2 .  14)  the  condi t ions (1 .  3 7 ) ,  wc’ ob ta in  2 tn  boundary  condi t ions for 
the  2 m f u n c t i o n s  z1, . . .  , zm, u1, . . . , urn. 
“complc t e”  s y s t e m  of r e l a t ionsh ips  f o r  the. dctc.rmiiiation of the  o p t i m u m  
con t ro l  and thcx c o r r e s p o n d i n g  vec to r  func-tions z ( x ,  y )  and u ( x ,  y ) .  
Th( , se  condi t ions ,  t oge the r  
.>/ah E”,uat;ons 1 1 .  / 1 1 1 ,  ‘ ( 1 .  5 j ,  ( i .  i b ) ,  ( 1 .  ? 9 ) ,  a n d  (2. 1 3 ) ,  f o r m  a 
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Suppose  tha t  wc a r e  r e q u i r c d  to d c t e r m i n c  the  m i n i m u m  of the 
func t iona l  
X Y  
I = /s f o ( x ,  y ,  z ,  zx,  z y ,  v) dy  dx 
0 0  
under  condi t ions that  the function z ( x ,  y )  i s  the so lu t ion  of the boundary  
p r o b l e m  ( 1 .  1 ) - (  1. 2 ) ,  whi le  the  point z(X,  Y )  be longs  to  a c e r t a i n  convex  
d o m a i n  D of the s p a c e  of v a r i a b l e s  z1, . . . , zm. By in t roducing  a n  
a u x i l i a r y  funct ion z,, th rough the r e l a t ionsh ips  ( 1 .  4), we r e d u c e  the 
p r o b l e m  to  the ca lcu la t ion  of the  m i n i m u m . .  . [Apparently one l ine  is 
m i s s i n g ,  Note of the T r a n s l a t o r  . . . e n t e r s  in to  the cy l inde r  having a 
g e n e r a t r i x  p a r a l l e l  to  the a x i s  z o .  
into the r igh t -hand s i d e  of Equat ions  ( 1 .  1 )  and ( 1 . 4 ) ,  we find tha t  Bo = 0 
i n  the  r e l a t i o n s h i p s  ( 2 .  14) .  
AI = . . . = Am 1 0 ,  A0 = 1 ,  which means  tha t  i t  fol lows f r o m  ( 1 .  5) and 
(1 .  6) t ha t  u o ( x ,  y )  = - 1. 
boundary  condi t ions of the  p r o b l e m  under  inves t iga t ion  t ake  thc  f o r m  
of the r e l a t ionsh ips  
1 
Since the va r i ab le  zo  d o e s  not e n t e r  
F o r  thcx functional u n d e r  inves t iga t ion ,  
In th i s  m a n n c r ,  d i f f e ren t i a l  equat ions  and 
av 
22.  
‘Y 
f o  1 
y=Y 
f r o m  which the aux i l i a ry  Equat ions  ( 1 . 4 )  a re  exc luded .  
3. Generalization to the Case  of an Arbitrary Number of Independent Variables 
T h e  f o r m u l a  f o r  the i n c r e m e n t  of the func t iona l  S and the  
e n s u r i n g  consequences  m a y  b e  gene ra l i zed  f o r  t he  c a s e  when the con t ro l  
p r o c e s s  is d e s c r i b e d  by the G o u r s a t  p rob lem with a n  a r b i t r a r y  n u m b e r  
of independent  va r i ab le s” .  N e v e r t h e l e s s ,  t o  avoid a c lu t t e r ing  of the 
f o r m u l a s  with i r r e l e v a n t  d e t a i l s ,  wc’ a s s u m e  tha t  t he  n u m b e r  of inde-  
pendent  v a r i a b l e s  i s  equal to t h r e e .  
T h u s  l e t  the funct ions 
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z i (x ) ,  x = (x i1x2 ,x3 ) ,  i = 1 ,  . . . , m ,  
b e  specif ied through the r e l a t ions  
a 3 z i  
= f i b ,  z1, . . . , zm,  - 821 , . . . ,- ' Z m  , axlaxza  x3 3x1 a x  3 
(3,. 15)  
I 
( 2 .  16)  
w h e r e  the funct ions f i  conta in  mixed  d e r i v a t i v e s  of the z .  v a r i a b l e s  of 
a n  o r d e r  not exceeding  two. 
d i f fe ren t iab le  o v e r  the to ta l i ty  of a l l  a r g u m e n t s .  T h e  c o n t r o  p a r a -  
m e t e r  obeys  the same condi t ions as  be fo re .  T h e  funct ions vi a r e  
tw i c e ,  s c c ti on a 11 y , c on t inu ous 1 y , d i f f  c> r e n t i a bl  e o v e r the i r ar  g u m e  n t s 
and sa t i s fy  the  n a t u r a l  ma tch ing  condi t ions .  L ike  in  the p r e v i o u s  cases  
we will a s s u m e  that  e a c h  p e r m i s s i b l e  c o n t r o l  h a s  a n  a s s o c i a t e d  c l a s s  
of functions within which the  G o u r s a t  boundary  p r o b l e m  c a n  b e  uniquely 
solvc>d. 
J 
T h e s e  funct ions a r e  twice  cont inuous ly  
h 
As the c r i t e r i o n  of opt imal i ty  we  c h o s e  the funct ional  
(2 .  1 7 )  
\ .Vc  i n t roduce  aux i l i a ry  v a r i a b l e s  u1 and the  function 
is  a vector  with a n u m b e r  of componen t s  equal  t o  N .  
u i (x)  is def ined by m e a n s  of the vquat ions 
T h e  funct ion 
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i = 1 ,  . . . ,  m, 
and the aux i l i a ry  condi t ions 
a H  a aH a H  - -  - a2ui - + (azixlxl)i  &( azixIx3)  
ax2ax3 az ix l  
for x2 = X2 , xg = X3; au i  -. a H  ax,  a Z .  - -  
1X3X2 
( 2 .  18) 
f o r  x3 = X3, 
f o r  x 2 =  X 2 ,  ( 2 .  19)  
f o r  xl = X I ,  
( 2 . 2 0 )  
( 2 . 2 1 )  
Equa t ions  ( 2 .  20)  a r e  o r d i n a r y  d i f fe ren t ia l  equat ions .  Consequent ly ,  
fo r  cach p e r m i s s i b l e  c o n t r o l ,  they  d c t e r m i n e  toge the r  with t h e  condi t ions 
of ( 2 .  2 1 )  uniquely the func t ions  ui(x1,X2,  X3) ,  ui(X1, x2, X3), and ui(X1, X2, 
x3). W c  now so lve  Equa t ions  ( 2 .  19)  with the addi t iona l  condi t ions 
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B e c a u s e  of the a s s u m p t i o n s  m a c l e  above ,  the  func t ions  u i ( x l ,  x2 ,X3) ,  
U i ( x 1 ,  X2, x3 ) ,  and ui(X1,  xL,  x j )  arc: uniquely t letcrminecl.  
t he  p rob lem i s  in the lFs t  r e s o r t  r educed  t o  the  G o u r s a t  p rob lem:  
f ind the solut ion of the s y s t e m  of Equat ions  ( 2 .  18) within the d o m a i n  
0 X k  5 Xk, sa t i s fy ing  the  bountlary contli t ions 
In th i s  m a n n e r ,  
t o  
( 2 .  22) 
At the  same t i m e ,  one m u s t  k e e p  in mind tha t  the  func t ions  
aH/awk  within the  Equat ions  ( 2 .  18) ant1 ( 2 .  19)  a r e  tlifferentiatecl o v e r  
x l ,  x2, and  x,. T h i s  m e a n s  that  if one  a s s u m e s  tha t  the  c l a s s  of p e r -  
m i s s i b l e  c o n t r o l s  c o n s i s t s  of sec t iona l ly  -cont inuous func t ions ,  
following condi t ions m u s t  necessarily b e  sa t i s f ied :  
s i d e  of t h e s e  equat ions  shoultl not tlepencl on the d e r i v a t i v e  func t ions  
v and on zx lx l ,  zxZxL, and z x3x3. If the r igh t -hand s ide  of Equat ions  
( 2 .  18) and ( 2 .  1 9 )  do depend on t h e s e  quan t i t i e s ,  
the funct ions v ( x )  having sec t iona l ly  cont inuous t le r iva t ives  f o r  the 
c l a s s  of p e r m i s s i b l e  con t ro l s .  
the  
the  r igh t -hand  
then  one m u s t  c h o o s e  
Assuming  that  t h e s e  condi t ions  a r c  sa t i s f i ed ,  one c a n  obta in  
the  fo rmula  f o r  the i n c r e m e n t  of thc funct ional  
XlX2 x3 
AS = - f f f 1 H ( x ,  w, v t Av) -H ( x ,  w, v) dx3dxLdxl - q  , I 
0 0 0  
us ing  the same method as p r e s e n t e d  above ,  with 
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F r o m  th i s  f o r m u l a  one can  de r ive  the  opt imal i ty  condi t ions 
which may  be f o r m u l a t e d  in the f o r m  of T h e o r e m s  1 and 2. If one 
a s s u m e s  that  t he  c o n t r o l  i s  c a r r i e d  out by m e a n s  of boundary c o n -  
d i t i ons ,  one c a n  obta in  r e s u l t s  which a r e  ana logous  t o  T h e o r e m s  
3 and 4. 
4. The Control of a Process by Means of "Concentrated Controls" 
We a s s u m e d ,  in  a l l  the  p r o b l e m s  inves t iga ted  above,,  tha t  
all the  components  of the vec to r  v ( x ,  y )  a r e  func t ions  of two va r i ab le s :  
x and  y. 
p r o b l e m  w h e r e  all the p e r m i s s i b l e  c o n t r o l s  v ( x ,  y)  m a y  be p r e s e n t e d  
i n  the  f o r m  
However ,  the  proposed  method p e r m i t s  the solut ion of a 
( s o m e  components  of th i s  vec to r  a r e  funct ions of only a s ing le  inde-  
pendent  v a r i a b l e  x o r  y).  
F o r  de f in i t eness ,  we inves t iga te  the p rob lem of the min imiza t ion  
of the  func t iona l  ( 1 .  3 )  when the p r o c e s s  i s  d e s c r i b e d  by the boundary 
condi t ion  (1 .  1) - (  1. 2) .  
( 1 .  2 1 )  r e m a i n s  val id  even  i n  th i s  case .  
( 1 .  29)  of the r e s i d u a l  t e r m  of th i s  f o r m u l a .  
method p r o v e s  a l s o  
The  f o r m u l a  f o r  the i n c r e m e n t  of the funct ional  
Valid i s  a l s o  the e s t i m a t e  
Consequent ly ,  the s a m e  
THEOREM 1 ' .  F o r  the p e r m i s s i b l e  con t ro l  v ( x ,  y )  = ( v l ( x ) ,  
v2 (x, y) ,  v3(y) )  in the boundary problem ( 1. 1 ) - (  1. L )  to be min-opt inid1 
a c c o r d i n g  to  the funct ional  ( 1 .  3 ) ,  i t  i s  n e c e s s a r y  tha t  the conciition 
be  sa t i s f i ed  f o r  a n  a r b i t r a r y  p e r m i s s i b l e  i n c r e m e n t  Av, w h e r e  p ( x ,  y )  
is a v e c t o r  c o r r e s p o n d i n g  to  the cont ro l  v ( x ,  y )  and which is  f ixed by 
Equat ions  (1 .  l ) ,  ( 1 .  5 ) ,  and the  addi t ional  condi t ions ( 1 .  2 )  and (1 .  6 ) .  - -
If in  p a r t i c u l a r  the p e r m i s s i b l e  c o n t r o l  depends  only on a s ing le  
v a r i a b l e  ( f o r  i n s t a n c e ,  on  x) and i n  Equations ( 1 .  1 )  we have 
then  the  condi t ions  ( 2 .  2 3 )  t ake  the f o r m  
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we obtain the  opt imal i ty  
By introducing the 
E H' ( x ,  u ( x ) ,  v) = 
1 = 1  
condition in  the following f o r m .  
THEOREM 1". F o r  the  p e r m i s s i b l e  c o n t r o l  v ( x )  of the  boundary  
p rob lem ( 1 .  1)-(  1. 2 )  to  be m i n - o p t i m a l  ( a m o n g  c o n t r o l s  depending only 
on x) acco rd ing  to the func t iona l  (1.  3 ) ,  it i s  n e c e s s a r y  tha t  
where  the  symbol  ( = )  ind ica tes  equal i ty  valid fo r  a l m o s t  a l l  x's of 
the  segmen t  0 d x X. 
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Section Ill. THE VARIATIONAL CALCULUS AND THE PROBLEMS 
OF OPTIMUM CONTROL 
The p r o b l e m s  inves t iga ted  in the  p r e s e n t  p a p e r  r e p r e s e n t  in  e s s e n c e  
p r o b l e m s  of v a r i a t i o n a l  ca l cu lus .  However ,  the  c l a s s i c a l  methods  can  
not  be  appl ied  h e r e  s i n c e  the con t ro l  p a r a m e t e r s  m a y ,  in g c n e r z l ,  t ake  
v a l u e s  f r o m  a c l o s e d  domain .  In the c a s e  when the  r eg ion  of va r i a t ion  
of the  con t ro l  p a r a m e t e r s  i s  open, one obtains  f r o m  the  p r inc ip l e  of 
m a x i m u m  the n e c e s s a r y  condi t ions of the c l a s s i c a l  v a r i a t i o n a l  ca l cu lus  
f o r  func t iona ls  wi th  p a r t i a l  d e r i v a t i v e s .  
L e t  u s  s e a r c h  fo r  the m i n i m u m  of the funct ional  
which  is def ined ove r  the  funct ions z = (zl, . . . , zm)  spec i f ied  by the  
r e l a t ionsh ips  
w h e r e  the  con t ro l  p a r a m e t e r  v is chosen  f r o m  the  c l a s s  of a l l  s ec t iona l ly  
cont inuous vec to r  func t ions .  
Under  the op t imum con t ro l  we unde r s t and  the p e r m i s s i b l e  coiitro!s 
found within the  i m m e d i a t e  vicini ty  of the funct ion z ( x ,  y )  c o r r e s p o n d i n g  
to  s u c h  a con t ro l ,  
con t ro l  is a s p e c i a l  c a s e  of the opt imum c o n t r o l  in  the  p rev ious  s e n s e .  
Consequent ly ,  the  p r i n c i p l e  of m a x i m u m  r e m a i n s  val id  and e v e r y  opt i -  
m u m  solu t ion  is a l s o  a n  e x t r e m a l  solut ion.  T h e  oppos i te  is a l s o  va l id :  
e a c h  e x t r e m a l  cons t i t u t e s  a n  opt imum solu t ion .  
I t  is obvious tha t  such a def ini t ion of the op t imum 
F o r  the ca lcu la t ion  of s u c h  a solut ion we  in t roduce  a n  aux i l i a ry  
v a r i a b l e  zo: 
oxy = f ( x ,  y ,  z ,  zx, z y ,  v ) ,  zo(x,  0 )  = ZO(0, y )  = 0, 
and  e s t a b l i s h  the funct ion H: 
H uof f upvp. 
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Then  the aux i l i a ry  func t ions  u i ( x ,  y )  a re  def ined by m e a n s  of the 
boundary p r o b l e m  
S i n c e  the funct ion H r e a c h e s  its m a x i m u m  on the o p t i m u m  con t ro l  
v ( x ,  y ) ,  we  have 
Consequent ly ,  
and  because  of Equat ion ( 3 .  l ) ,  we find tha t  the solut ion z ( x ,  y )  of the  
op t imum p r o b l e m  under  cons ide ra t ion  s a t i s f i e s  the  s y s  t e m  of equat ions  
by O s t r o g r a d s k i y - E u l e r  ( s e e ,  f o r  i n s t ance ,  pape r  by A k h i y e ~ e r ~ ~  
p.  1 2 2 ) :  
a f  d 
u i ( X ,  Y )  = 0 ,  i = 1 ,  . . . ,  m, u o ( x ,  y)  = - 1. 
F r o m  this  we f ind  tha t  
H = uPvp - f .  
As  a s s u m e d  e a r l i e r ,  the  funct ion f ha s  a second  cont inuous d e r i v a -  
t i ve  wi th  r e s p e c t  to  the  v a r i a b l e s  v l ,  . . . , vm. S i n c e  the  c o n t r o l  
v ( x ,  y)  r e a l i z e s  the m a x i m u m  of the funct ion H,  the  quadra t i c  f o r m  
i s  nonposi t ive.  Consequent ly ,  f r o m  the condi t ion of the m a x i m u m  
(1.  7 ) ,  it follows tha t  e v e r y w h e r e  within the domain  G ( 0  5 x 5 X ,  0 5 
y 5 Y ) ,  excep t ,  p e r h a p s ,  in points  located on a f in i te  n u m b e r  of l i nes  
wi th  z e r o  a r e a ,  the inequal i ty  ( L e g e n d r e  condi t ion)  
( 3 . 2 )  
r e p r e s e n t i n g  the n e c e s s a r y  condi t ion f o r  the funct ion z ( x ,  y) to  be  
e x t r e m a 1  min imiz ing  the funct ional  I ,  is s a t i s f i ed .  
In the  c a s e  when the domain  of var ia t ion  of the con t ro l  p a r a m e t e r  
is c l o s e d ,  the  d e r i v a t i v e s  a H / a v i  c a n  not b e c o m e  z e r o  a long  the op t imum 
t r a j e c t o r y  z ( x ,  y)  and ,  consequent ly ,  the condi t ion ( 3 .  2 )  m a y  even not 
b e  s a t i s f i e d .  
t he  s i m p l e s t  c a s e .  
As  a conf i rma t ion  of what w a s  j u s t  s a i d  we inves t iga t e  
L e t  the  con t ro l  p r o c e s s  be d e s c r i b e d  by the  boundary  p r o b l e m  
zxy = v2, z ( x ,  0) = z ( 0 ,  y )  = 0 ,  0 5 x ,  y 5 1,  
w h e r e  v - the  con t ro i  p a r a n i e i e i - ,  1V-i 5 1.  
w e  u s e  the funct ional  
a s  2 c r i t e r i o n  of op t imal i ty  
0 0  
I t  is e a s y  to show that  the  min -op t ima l  c o n t r o l  a c c o r d i n g  to S is 
v (x ,  y )  1 ,  and consequent ly ,  dur ing  th i s  con t ro l  
and  the condi t ion ( 3 .  2 )  i s  not sa t i s f ied .  
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Section IV. OPTIMUM PROCESSES IN SYSTEMS WHOSE BEHAVIOR 
IS DESCRIBED BY PARABOLIC EQUATIONS 
1. The Formulation of the Problem. The Maximum Principle 
L e t  En be  a euc l id ian  s p a c e  of v e c t o r s  x = ( x i ,  . . . , xn) and 
G - a bounded r eg ion  within En wi th  a boundary  r belonging to  the  class 
A(2) ( s e e  w o r k  of M i ~ - a n d a ~ ~ ,  p. l o ) ,  and  Xi  (x) are  the d i r e c t i o n  c o s i n e s  
of the e x t e r n a l  n o r m a l  on the  boundary  I'. 
Let ,  f u r t h e r m o r e ,  a n  e l l i p t i ca l  o p e r a t o r  L = ( L l ,  . . . , L,) be 
defined within the  domain  G by the f o r m u l a  
m n 
p = i  j , k = i  
iP w h e r e  the funct ions a , k ( x l ,  . . . , xn)  within the domain  G t r belong to  
the  c l a s s  C ( * ) .  W e  denote  by M = (Mi ,  . . . , M,) the  o p e r a t o r  def ined 
by the  f o r m u l a  
m n n 
w h e r e  
n Pi 
J 
k = i  
One c a n  check  d i r e c t l y  that  the equat ion 
m m n n 
is  val id .  
we  c a n  t r a n s f o r m  th i s  f o r m u l a  into the f o r m  
Tn the  s a m e  m a n n e r ,  u s e d  before  fo r  an  e l l ip t ica l  type  equat ion,  
w h e r e  
In f o r m u l a s  ( 4 .  3)  the  d i r ec t ions  l i p  a r e  chosen  a r b i t r a r i l y  p r o -  
The  d i r ec t ions  h ip  a r e  chosen  
vided c o s  ( n ,  l ip )  > 0 ( n  - e x t e r n a l  n o r m a l  t o  l-) and t h e i r  d i r e c t i o n  
c o s i n e s  belong to  the  c l a s s  C( ’ )  on I?. 
depending on the  1. 1P’ 
L e t  u s  a s s u m e  that  the coeff ic ients  within the  o p e r a t o r  L depend,  
i n  addi t ion ,  on the  v a r i a b l e  t ,  0 s t d T, 
s y s t e m s  whose  behavior  is  c e s c r i b e d  by a s y s t e m  of equat ions  of the 
pa rabo l i c  type 
and we inves t iga te  the  c o n t r o l  
w h e r e  t h e  funct ion f = ( f l  , . . . , f m )  is  cont inuous with r e s p e c t  to  t 
and i s  twice  cont inuously rlifferer-itiable c v c r  the o the r  a r g u m e n t s ,  while  
the  p a r a m e t e r  u t a k e s  the va lues  within a c e r t a i n  convex ( o p e n  o r  
c l o s e d )  r e g i o n  U of the p-dimentioEal  e~r,!idiar, space.  
We a s s u m e  f u r t h e r  that  the function y( t ,  x) = ( y l ,  . . . , Ym) is 
def ined by the s y s t e m  of equat ions (4 .  4)  sa t i s fy ing ,  i n  addi t ion,  the 
following condi t ions 
w h e r e  the  o p e r a t o r s  P i  a r e  defined by the f o r m u l a s  (4 .  3)  i n  which the  
func t ions  a i s ( t ,  x) ,  bip ( t ,  x),  and a ( x )  a r e  cont inuous,  (r,i sa t i s fy  the  
s a m e  condi t ions  a s  f i ,  while the p a r a m e t e r  v t akes  i t s  value f r o m  a 
convex  (open  o r  c l o s e d )  r eg ion  V of a q -d imens iona l  euc l id ian  space .  
The  funct ion w( t ,  x)  = ( u ( t ,  x) ,  v(t, x ) )  will  be ca l led  the p e r -  
m i s s i b l e  c o n t r o l  if all i t s  components  a r e  sec t iona l ly  
u ( t ,  x) and v ( t ,  x)  take  va lues  f r o m  the  domains  U an(  
continuous and 
V,  r e spec t ive ly .  
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In addition, we will  a s s u m e  that  t he  d iscont inui ty  s u r f a c e  of the  p e r -  
m i s s i b l e  c o n t r o l  [ T r a n s l a t o r ' s  note: one l ine  s e e m s  t o  be missing.]  
. . . o r  in the  vicini ty  of i t s  a r b i t r a r y  point one c a n  in t roduce  a non-  
degene ra t e  coord ina te  t r a n s f o r m a t i o n  
If t h e s e  s u r f a c e s  sa t i s fy  the second contli t ion,  then one views 
as  the  solut ion of the  p rob lem ( 4 . 4 )  -( 4.5)  the v e c t o r  funct ion y( t ,  x) 
sat isfying the s y s t e m  of equat ions ( 4 .  4 ) ,  the  condi t ions  (4 .  5 ) ,  and 
c e r t a i n  s m o o t h n e s s  condi t ions o v e r  the  discont inui ty  s u r f a c e s  of the 
cont ro l .  In i t s  m o s t  g e n e r a l  f o r m ,  th i s  p rob lem appa ren t ly  w a s  n e v e r  
s tudied although i t s  p a r t i c u l a r  c a s e s  w e r e  inves t iga ted  in  n u m e r o u s  
p a p e r s  
t h e o r e m s  conce rn ing  the  solut ions.  Conseqt ient ly ,  we wil l  a s s u m e  
e v e r y w h e r e  i n  what follows that  the given func t ions  in  ( 4 .  4 )  and 
condi t ions (4 .  5 ) ,  in  addi t ion to  the above  l i s t ed  p r o p e r t i e s ,  s a t i s fy  
a l s o  the condi t ions under  which to  e a c h  p e r m i s s i b l e  c o n t r o l  t h e r e  
c o r r e s p o n d s  a unique solut ion of the  p r o b l e m  ( 4 .  4 )  -( 4. 5). 
35 9 36 3 37 3 383 39> 46 which supply v a r i o u s  ex i s t ence  and un iqueness  
L e t  w( t ,  x) be a c e r t a i n  p e r m i s s i b l e  c o n t r o l  and y ( t ,  x )  the  
co r re spond ing  solut ion of the p rob lem (4 .  4 ) - (4 .  5 ) ,  and l e t  be given 
the  functional 
T 
s =E [ J a i  ( X I  yi ( T ,  x)dx  +JJ pi ( t ,  x )y i ( t ,  x ) d x d t  
1 = 1  G u G  
T I tJ J yi ( t ,  X ) Y i  ( t ,  x )dc  d t  2 o r  
whe re  a i ,  pi, and yi a r e  given cont inuous funct ions.  
6 0  
i 
~ = t ,  < i = C i ( t , x ) ,  i - 1 ,  . . . ,  n,  
s i n c e  the discont inui ty  s u r f a c c  goes  o v e r  into a po r t ion  of the  plane 
en= 0. 
If the  d iscont inui t ies  of a c e r t a i n  p e r m i s s i b l e  c o n t r o l  s a t i s f y  
the  f i r s t  condi t ion,  then the  bountlary probalern ( 4 .  4 )  -( 4. 5 )  c o r r e s p o n d i n g  
to th i s  cont ro l  s p l i t s  into s e v e r a l  such  p r o b l e m s  loca ted ,  however ,  i n  
r eg ions  adjoining one  ano the r  a long thc  discont inui ty  s u r f a c e s  of the 
cont ro l .  
solut ion ( s e e ,  f o r  i n s t ance ,  work  by Zagor i sk iy  34 ), and t h i s  so lu t ion  is 
not subjected to  any f u r t h e r  addi t iona l  s m o o t h n e s s  condi t ion o v e r  the  
discont inui ty  s u r f a c e s  of the cont ru l .  
In such  a c a s e  the  p r o b l e m  ( 4 .  4 ) - (4 .  5 )  h a s  a unique cont inuous 
L e t  U S  f o r m u l a t e  the p rob lem:  among all the p e r m i s s i b l e  c o n t r o l s  
one should f ind  a con t ro l  w ( t ,  x )  ( i f  i t  e x i s t s )  such  tha t  the co r re spond ing  
so lu t ion  of the  p r o b l e m  (4.  4) -( 4. 5 )  Teal izes  the m i n i m u m  of the 
Func t iona l  S. 
The  p e r m i s s i b l e  con t ro l  w ( t ,  x )  over  which the funct ional  S a t t a ins  
i t s  m a x i m u m  ( m i n i m u m )  value wil l  be ca l led  the m a x - o p t i m a l  ( m i n -  
op t ima l )  a c c o r d i n g  to  S. 
s tud ied  a t  the  end of the pa rag raph .  
The  funct ionals  of a m o r e  g e n e r a l  type wi l l  be 
A s  i t  w a s  ment ioned  above, the p rob lem of op t imum con t ro l  p r o -  
c e s s e s  d e s c r i b e d  by parabol ic  equat ions a r e  of def ini te  t h e o r e t i c a l  
and p r a c t i c a l  i n t e r e s t .  Numerous  p a p e r s  inves t iga ted  c e r t a i n  
p r o b l e m s  f o r  which the con t ro l  i s  m a t e r i a l i z e d  by m e a n s  of in i t ia l  
and  boundary  condi t ions and fo r  the  opt imal i ty  c r i t e r i o n  one chooses  
e i t h e r  the speed  o r  the funct ional  of t he  type 
5 3 6 ~ 1 1  . 
0 0 
w h e r e  u o ( x )  i s  a given function f r o m  Lz ( 0 ,  l ) ,  p ( t )  - cont ro l ,  and y - 
a non-negat ive  cons tan t .  
c a s e  when the c o n t r o l  of the p r o c e s s  c ~ x ' L : ~  he Inate?*' i l i zed  s imul taneous ly  
by m e a n s  of c o n t r o l s  en te r ing  into the equat ions a s  wel l  a s  into the 
boundary  condi t ions .  It i s  c l e a r  that  the func t iona l  
We a l r e a d y  invest igated th i s  p r o b l e m  fo r  the 
with a i k  and  pi - cont inuously d i f fe ren t iab le  function can  be reduced  to  
the  f o r m  ( 4 .  6).  
To f o r m u l a t e  the  condition of opt imal i ty  we in t roduce  the aux i l i a ry  
func t ion  z( t ,  x )  = ( z i ,  . . . , 2,) by means  of the boundary p rob lem "adjoint" 
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a r e  o p e r a t o r s  Qi defined by the r e l a t i o n s h i p s  (4 .  3 ) ,  the func t ions  ai, 
pi ,  and y i  e n t e r  into the def ini t ion of the func t iona l  S, and xk(X)  - 
the  d i r e c t i o n a l  c o s i n e s  of the e x t e r n a l  n o r m a l  to G a t  the  boundary  I?. 
For  the boundary p rob lem ( 4 . 7 ) - ( 4 .  8)  to be so lvab le  i t  i s  n e c e s s a r y  
that the func t ions  ai and y i  be connected with the  matching  condi t ions .  
In what follows we a s s u m e  that t h e s e  condi t ions  a r e  fulfi l led.  
We in t roduce  the notat ion 
Then the boundary p r o b l e m s  (4 .  4) -( 4. 5 )  and (4 .  7 )  -( 4. 8 )  m a y  be w r i t t e n  
in  the f o r m  
I ( 4 . 1 0 )  
6 2  
Using the f o r m u l a  (4 .  2 )  one c a n  eas i ly  e s t ab l i sh  fo r  a r b i t r a r y  twice 
sec t iona l ly ,  cont inuously d i f fe ren t iab le  funct ions y i (  t ,  x )  and z i (  t ,  x )  
tha t  the  O s t r o g r a d s k i y - G r e e n  f o r m u l a  
-I yizi I T  dx] . 
G t = o  
(4 .11)  
i s  val id .  
and y( t ,  x) and z ( t ,  x )  be the co r re spond ing  solut ion of the  boundary  
p r o b l e m s  (4.  9 )  and (4 .  10) .  
a( t, x )  s a t i s f i e s  the m a x i m u m  condition if 
L e t  a( r ,  x )  = ( u ( t ,  x ) ,  v( t ,  x ) )  be a c e r t a i n  p e r m i s s i b l e  c o n t r o l  
We will  say tha t  the p e r m i s s i b l e  con t ro l  
w h e r e  the  s y m b o l  ( (  = ) )  ind ica tes  a n  equality which i s  valid e v e r y w h e r e  
within the  domain  C ( 0  G t S T ,  x €  G) with the except ion tha t  t h e r e  may  
e x i s t  poifits loca ted  on a f in i te  n u m b e r  of n - d i m e n s i o n a l  s u r f a c e s ,  the 
( n  + 1)  -d imens iona l  vo lume of which i s  equa l  to ze ro .  
I s  definec! i r ~  as analogous way except  that  ins tead  of n and G one 
should t ake  n -1  and r, 
defined in  a n  analogous m a n n e r .  
The  s y m b o l  ( = )  
r e spec t ive ly .  The  condi t ion of m i n i m u m  is 
THEOREM 7 ( t h e  m a x i m u m  pr inc ip le ) .  F o r  the p e r m i s s i b l e  c o n t r o l  
a( t ,  x)  = ( u ( t ,  x ) ,  v(t ,  x ) )  to be min -op t ima l  ( m a x - o p t i m a l )  acco rd ing  to  
S, i t  i s  n e c e s s a r y  tha t  i t  s a t i s f i e s  the condi t ion of m a x i m u m  ( m i n i m u m ) .  
T h i s  t h e o r e m ,  although i t  c o e s  not supply the suf f ic ien t  condi t ions  
of op t imal i ty ,  may  s e r v e  as a p rac t i ca l  i n s t r u m e n t  for  the ca l cu la t ion  
of the  op t imum c o n t r o l s  and the cor responding  solut ion of the boundary 
p r o b l e m  ( 4 . 4 ) - (  4. 5). One c a n  become convinced i n  th i s  f a c t  by 
r e p e a t i n g  the de l ibe ra t ions  c a r r i e d  o u t  i n  Sect ion I. 
2. The Formula for the Increment of the  Functional S. The Proof of Theorem 7 
L e t  ( t ,  x)  be a n  a r b i t r a r y  p e r m i s s i b l e  c o n t r o l  and y( t ,  x )  and 
z( t ,  x) the  co r re spond ing  solut ion of the boundary  p r o b l e m s  ( 4 .  9 )  and 
(4 .  10) .  Then  
6 3  
w h e r e  
We t a k e  a c e r t a i n  p e r m i s s i b l e  i n c r e m e n t  A o  = (Au,  Av)  of the  c o n t r o l  
w( t ,  x)  and denote  by y + A y  and  z + A z  the  so lu t ions  of the  s ame  p r o b l e m s  
( 4 . 9 )  and  (4 .  10)  but c o r r e s p o n d i n g  to  the c o n t r o l  w + Am. T h e n  
AI  = I w t A w ,  w t a u ]  - I ( w ,  w ) .,( 5 (Az iL i tAy  t AziLi ty  t ziLi tAy) 
c 1=1 [ 
- l I l ( t , x , w t A w ,  u t A u )  - H ( t , x , w , u )  1 1  I d x d t  tJ[g (AziPiAy ( 4 . 1 2 )  
0- 1 = 1  
while  funct ions Ayi and  zi, 
r e s p e c t i v e  boundary  p r o b l e m s  
i = 1 ,  . . . . m for in  the so lu t ion  for the  
( 4 . 1 3 )  
(4 .14)  > 
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aH 
A- - 
awk 
a H (  t ,  X ,  w t Aw,  u t Au)  8 H (  t ,  X .  w, u)  - 
1 
awl' a w k  
Equal i ty  ( 4 .  12)  is  now transforrnecl  by m e a n s  of the  f o r m u l a  ( 4 .  1 I ) .  
S ince  t h e  func t ions  Ay ant1 A Z  a r e  the solut ions of the r e s p e c t i v e  bountlary 
p r o b l e m s  (4 .  1 3 )  and (4 .  l 4 ) ,  w e  have  
aYi 
d x  dt 
On the  o t h e r  hand 
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Consequen t ly ,  
(4.15) 
w h e r e  N = Lmt  n m  - the d imens iona l i ty  of the v e c t o r  w. 
In an  analogous m a n n e r  we find 
(4.16) 
The first  sum on the r igh t -hand  side of the equal i ty  (4. 1 7 )  r e p r e s e n t s  t he  
i n c r e m e n t  AS  of t he  func t iona l  (4 .  6 )  during t h e  t r a n s i t i o n  f r o m  the 
c o n t r o l  o ( t ,  x)  t o  the  c o n t r o l  w( t ,  x )  t A w .  Consequent ly ,  f r o m  the 
r e l a t i o n s h i p s  (4. 12) ,  (4. 15) ,  (4 .  16) ,  and (4.  1 7 )  i t  fol lows tha t  
H ( t , x ,  , J  ' A w .  u t  A.u) - H ( t , x , w , u )  
C 
Applying t o  the func t ions  h, H, a H / a w i  and a h / a p i  t he  Taylor 
f o r m u l a  and  keeping  within the expansion only the  t e r m s  of t he  second 
o r d e r ,  one  obta ins ,  a s  i t  w a s  done  in  6 1 ,  
A S  = -$ H (  t, x, w, u + n u )  - H (  t, x,  w, u )  d x  d t  I I C 
(4.18) 
w h e r e  n = qi t 7 2 ,  
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(4 .19)  
T o  ge t  the n e c e s s a r y  e s t i m a t e s  of the r e s i d u a l  t e r m  q i n  f o r m u l a  
(4 .  18),  we r e d u c e  the  boundary  p r o b l e m  to  a s y s t e m  of i n t e g r o -  
d i f f e ren t i a l  equat ions  ( s e e ,  f o r  i n s t a n c e ,  work  of Z n g o r ~ E r i y ~ ~  , pp. 
9 0 -9 6):  
w h e r e  
.-=(A- a H  a H  ,..., A--), a H  A==(.= a h  a h  . . . ,  
dZ 821 a z m  
(4.20) 
(4 .21)  
K i k -  the G r e e n  type m a t r i x .  
(4 .  2 1 )  in  the r ight-hand s i d e  of the same r e l a t i o n s h i p  and  r e p e a t i n g  
success ive ly  a f e w  t i m e s  the s a m e  o p e r a t i o n  we obta in  
I n s e r t i n g  the va lue  L/J ( t ,  X )  def ined i n  
(4.22) 
w h e r e  
L 
K~ = K~~ , K O  = K ~ ~ ,  n = l , ~ , .  . . , 
The, n u m b e r  n i s  c h o s e n  s o  l a r g e  tha t  the  k e r n c l  kn b e c o m e s  
T h i s  m a y  bc done bccausc.  of thc known e s t i m a t e s  of the boundcd. 
Grc,cn i n a t r i x  arid of i t s  derivatives ( s e e ,  f o r  i n s t ance ,  work  of 
7.ag"rs1<iy34, p. 9 2 ) .  I'hcn f r o m  ( 4 .  2 2 )  we ge t  
\vhc,r(> P - ii dcfini tc  pos i t ive  cons tan t ,  
(4.23) 
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We in t roduce  the notat ion 
k = 2 , 3 ,  . . .  . 
In tegra t ing  the inequal i ty  (4 .  23)  s u c c e s s i v e l y ,  we find: 
(4 .25)  
L e t  u s  choose  the n u m b e r  k s o  l a r g e  tha t  the  func t ions  Qnk and  Rnk 
be bounded f o r  O-' TS t s  T, x c G  and put 
T h e n  f r o m  the inequal i ty  (4. 25)  f o r  O--(B*t  we ge t  
e 
Wk(8)'; PJ Wk(B)de t Q ( t ) t R ( t ) .  
0 
W e  obtain f r o m  th i s  u s ing  the known lemma ( see  w o r k  of Nemytsk iy  and  
Stepanon3', p. 19)  tha t  
f o r  O r e -  tGT and ,  consequent ly ,  
w k ( t ) - ' A I Q ( t ) + R ( t ) l ,  
7 0  
w h e r e  
r e l a t i o n s h i p s  (4 .  23),  (4. 24) ,  and (4.  25) t ha t  
A is a def ini te  pos i t ive  constant .  Thus  i t  fol lows f r o m  the 
t 
Wk( t )  dT 
0 
w h e r e  M1 and  N1 
r e s p e c t i v e l y .  
a r e  funct ions of t h e  s a m e  type as  Qn and  Rll, 
S ince  the number  n was  chosen  suff ic ient ly  l a r g e ,  we find f r o m  
the  r e l a t i o n s h i p s  (4 .  2 2 )  and (4 .  2 6 )  that  
(4 .27)  
w h e r e  M2 and N2 - the  s c a l a r  funct ions of the G r e e n  type funct ions.  
T h e  func t ions  a H / a z  and a h / a z  a r e  cont inuous  o v e r  t and twice  
cont inuous ly  d i f f e ren t i ab le  ove r  o t h e r  a r g u m e n t s .  Consequent ly ,  f o r  
e a c h  p e r m i s s i b l e  c o n t r o l  (4 .  20)  m a y  be d i f f e ren t i a t ed  a l s o  with r e s p e c t  
to XI ,  . . . , Xn and by m e a n s  of the  above d e s c r i b e d  method one c a n  
obta in  the  inequa l i t i e s  
(4 .28)  
w h e r e  
S ince  the func t ions  A z i (  t, x ) ,  i = 1, . . . , m, f o r m  the  solut ion of 
t he  boundary p r o b l e m  (4. 14) ,  we find i n  a n  ana logous  m a n n e r  tha t  
7 1  
(4 .29 )  
x c G ,  O S t t T ,  i = l ,  . . . ,  m. 
Because  of t h e s e  inequal i t ies ,  we f ind f r o m  (4. 19):  
(4 .30)  
w h e r e  Bi  - pos i t ive  cons t an t s ,  
S ince  acco rd ing  to  the condi t ion 
a r e  bounded, then  
7 2  
(4 .31)  
If on<’ tal ivs into account  that  the. constant  €3 m a y  be c h o s e n  such tha t  
thon f r o i n  the iriequali 
r e s i d u a l  t e r m  q i n  the 
ic,s (4 .  30) and ( 4 .  31)  i t  fol lows tha t  f o r  the 
for i i iula  ( 4 .  18) onc’ h a s  a n  e s t i m a t e :  
( 4 . 3 2 )  
mfhcrc, thc, funct ions P and Q a r i .  of thr, s a m e  typc, as MI1 and Ill1 . 
Forn iu la  (4 .  18)  and inequality (4 .  3 2 )  a r e  ana logous  to  t h e  
cor rc , sponding  rcllationships in Sec t ion  I .  Consequent l )  , the, proof 
of Theorcxrii 7 coninc ides  a l m o s t  l i tv ra l ly  t o  the proof of T h e o r e m  1. 
If thc, s y s t e m  of equat ions (4 .  4 )  i s  l i n e a r  and has  thc  f o r i n  
while  the boundary  condi t ions m a y  be  r e p r e s e n t e d  i n  the f o r m  
m 
(4.33) 
(4 .34 )  
x C T ,  y ( O , x ) =  a . ( x ) ,  x € G ,  
then the fol lowing t h e o r e m  i s  t rue :  
THEOREM 8 .  If t o  e a c h  p e r m i s s i b l e  c o n t r o l  c o r r e s p o n d s  a unique 
solut ion of the  boundary  p r o b l e m  (4 .  33) -( 4. 34) ,  then,  f o r  the  c o n t r o l  
w ( t ,  x)  = (u ( t ,  x ) ,  v ( t ,  :I)) - t o  b c  m i n - o p t i m a l  ( m a x - o p t i m a l )  a c c o r d i n g  to  
the funct ional  (4 .  6 ) ,  i t  i s  n e c e s s a r y  and suf f ic ien t  t ha t  i t  s a t i s f i e s  the 
condi t ions of max in ium ( m i n i m u m ) .  
- 
Thc .  proof of t h i s  t h e o r e m  fol lows c: i rect ly  f r o m  the f a c t  t ha t  i n  
thc, cas(’  unde r  cons ide ra t ion  thc  f o r m u l a  ( 4 .  18) f o r  the  i n c r e m e n t  of 
thcx funct ional  S t a k e s  the f o r m  
A S  = -I1 H ( t ,  s, w, u tau) - H ( t ,  x, w, u )  d x d t  I 
C 
(4 .35)  
3. Problems with other Optimal i ty  Criteria 
‘Thc. j u s t  obtained r c s u l t  m a y  be  ;:pplicld to  the so lu t ion  of 
problt,iils of opti i i ium c o n t r o l  with o t h e r  op t imal i ty  c r i t e r i a .  
Lct ,  f o r  i n s t ance ,  thc. c o n t r o l  p r o c e s s  be. d e s c r i b e d  b y  the  boundary  
p rob lem ( 4 .  4 )  -(4. 5 )  f o r  which the domain  G is  a r e c t a n g l e  Oi-xisXi 
and 1c.t one  choose  a s  the opt imal i ty  c r i t e r i o n  the func t iona l  
( 4 . 3 6 )  
0 0  0 
Wc, intrutlucc. an  auxiliit r )  1-ar iab lc  y o  by means o f  the  r e l a t ionsh ip  
T h e n  the  p r o b l e m  r e d u c e s  to  the evaluat ion of the  m i n i m u m  of the  
func t iona l  S = yo(X1, X2, T ) .  We f o r m  the funct ion w: 
The  funct ion z i ( t ,  x) is  defined by means  of the equat ions  
and  addi t iona l  condi t ions ( s e e  f o r m u l a s  ( 2 .  19)  and (4 .  10) ) :  
- 0  f o r  t = T,  x2 = X2 ; -- - 0 f o r  x1 = X1 , x 2  = X2 , -- azo a zo 
a t  a x1 
a2 zo aLzo 
-- - 0 f u r  t = T, xI = X1 , azo 
a x2 axlax, axl a t  
= 0 f o r  t = T,  -= 0 
a 2  zo 
axza t  
f o r  x2 = X2 , -= 0 f o r  x1 = X1 , z o ( X 1 ,  X2, T )  = -1, 
z l ( x l ,  x2,  T )  = 0 ,  i = 1 , .  . . , m. 
- 
In th i s  m a n n e r ,  z o ( x l ,  x2,  t )  = -1 ,  and the funct ion H t akes  f o r m  
w h e r e  
L e t  u s  study the funct ional  
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T X1X2 - 
A S  = -J J J I H ( t ,  X ,  W ,  u + Au) - FI(  t ,  X ,  W, U )  dxzdxldt I 
0 0  0 
- i J / h ( t . x , p , v t A v )  - h ( t , x , p , v ) ' d u d t - q  I , 
0 1 -  
w h e r e  the r e s i d u a l  t e r m  q i s  defined by f o r m u l a s  ana logous  to  (4 .  19). 
Consequent ly ,  the n e c e s s a r y  conclitions of op t imal i ty  f o r  the  
problem under  inves t iga t ion  may  be f o r m u l a t e d  in  the  f o r m  of T h e o r e m  
7 where  in  the  condi t ions f o r  the m a x i m u m  ( m i n i m u m )  of the  funct ion 
H i s  subst i tuted by H .  
Using the  r e s u l t s  of Sec t ion  I, one c a n  ana logous ly  inves t iga t e  
o the r  p r o b l e m s  of opt imum con t ro l  p r o c e s s e s  w h e r e  f o r  the  opt imal i ty  
c r i t e r i a  one u t i l i ze s  v a r i o u s  nonl inear  funct ions.  In p a r t i c u l a r ,  the  
r e s u l t s  obtained may be appl ied to  the  study of p r o b l e m s  inves t iga ted  
by Bel lman and O s b o r n  and by Bulkovskiy L e r n e r  . 5 6 
7 6  
> ~~ 
By t r ans fo rming  the  i n t e g r a l s  11 and I L  in  the s a m e  m a n n e r  a s  clone in  
Sect ions I and IV,  we obtain a f o r m u l a  fo r  the i n c r e m e n t  of the 
funct ional  (4 .  36)  in  the following f o r m :  
4. Optimum Problems in the Theory of El l ipt ical  Systems 
The  c o n t r o l  p r o b l e m s  a r e  a‘nalogous t o  those  which w e r e  
inves t iga t ed  above and a r e  encountered du r ing  the  s tudy of diffusion 
p r o c e s s e s 3 j 8 .  Neve r the l e s s ,  one m u s t  inves t iga te  boundary p r o b l e m s  
f o r  e l l i p t i ca l  equat ions .  
du r ing  the s tudy of op t imum t h e r m a l  and e l e c t r i c a l  f i e lds  in va r ious  
power  dev ices .  
P r o b l e m s  of s u c h  a type a r e  encountered  
At  t h i s  point we will  b r ie f ly  outline the fo rmula t ion  of the 
m a x i m u m  p r o b l e m  f o r  e l e c t r i c a l  s y s t e m s  and d e r i v e  the  f o r m u l a  f o r  
the  i n c r e m e n t  of the funct ional  by m e a n s  of which one f inds the  
opt imal i ty  condi t ions.  
Thus ,  l e t  u s  d e a l  with an e l l ip t ica l  s y s t e m  of equat ions  
Ly 7 f ( x ,  Y ,  Y x >  11), x = ( X I ,  - - - xn)E: G , (4 .37)  
w h e r e  the  o p e r a t o r  L i s  ciefined by thc f o r m u l a  (4 .  1 )  and the  function 
f = ( f l  , . . . , f m )  i s  twice continuously d i f fe ren t iab le  ove r  the  total i ty  
of all i t s  a r g u m e n t s .  The  con t ro l  p a r a m e t e r  u t a k e s  the  va lues  f r o m  
a bounded domain  U ( c l o s e d  o r  open)  of an r - d i m e n s i o n a l  euc l id ian  
space .  
I L e t  f u r t h e r  the function y( x )  sa t i s fy  the  boundary condi t ions 
w h e r e  ~i satisfies thc s a m e  condi t ions as  f i ,  
va lues  of a boundc~cl domain  V of the cl-dimensional  euc l id ian  space .  
and the  p a r a m e t e r  v t a k e s  
T h c  p e r m i s s i b l e  con t ro l  W ( X )  = ( u ( x ) ,  v ( x ) )  i s  defined i n  the s a m e  
mannc’r a s  in P a r t  1, and we clssume that o v e r  the  discont inui ty  s u r f a c e s  
of the  c o n t r o l  thcb d e s i r e d  funct ion sa t i s f i e s  c e r t a i n  s m o o t h n e s s  c o n -  
d i t i o n ~ ~ ~ .  W e  assumc’ that  wc i m p o s e  onto the known funct ions of the  
boundary  p r o b l e m ,  in  addition to the above ment ioned  Conditions,  s o m e  
addi t iona l  l imi t a t ions  unde r  which f o r  cach  p c r m i s  s ib le  con t ro l  t h e r e  
e x i s t s  a uniqucl solut ion of the  pa r t i cu la r  p rob lem.  
We f o r m u l a t e  thc, problcbm: among a l l  the p e r m i s s i b l e  c o n t r o l s  
we de te r in in< ,  the  con t ro l  w(x) (if  i t  e x i s t s )  such  that  the co r re spond ing  
solut ion y (x) of the boundary prob1c.m (4.  37) -( 4. 38) r e a l i z e s  the 
m i n i m u m  ( m a x i m u m )  of the funct ional  
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(4 .39)  
w h e r e  a i ( x )  and y i ( x )  a r e  given cont inuous func t ions .  
We in t roduce  the  func t ions  H =E Z i f i  and h =c z i ~ i .  
funct ion z i ( x )  i s  def ined  as  the so lu t ion  of the boundary  p r o b l e m  
T h e  
(4 .40 )  
(4 .41 )  
( t h e  definit ion of the o p e r a t o r s  Mi and Q i  c a n  be found a t  the beginning 
of the pa rag raph) .  
(4 .  40)  conta ins  the d e r i v a t i v e s  of v x l ( x ) ,  . . . , v x n ( x ) ,  then  one d e m a n d s  
f r o m  the p e r m i s s i b l e  c o n t r o l s  tha t  they have  sec t iona l ly  cont inuous 
d e r i v a t i v e s  with suf f ic ien t ly  smooth  d iscont inui ty  boundar i e s .  
the  boundary p rob lem ( 4 .  40)  -( 4. 41)  f o r  each  p e r m i s s i b l e  c o n t r o l  h a s  
a unique solut ion.  
If i t  a p p e a r s  t ha t  the  r igh t -hand  s i d e  of Equat ion  
Then  
In the s a m e  m a n n e r  as  it was  appl ied above ,  one c a n  obtain a 
fo rmula  f o r  the i n c r e m e n t  of the funct ional  ( 4 .  39)  in  the  following f o r m :  
A S  = - J / H ( x , w , u t A u )  - H ( x , w , u ) d x  I 
G 
(4 .42)  
w h e r e  t h e  r e s i d u a l  t e r m  q is  d e t e r m i n e d  us ing  f o r m u l a s  ana logous  to 
(4 .  19).  
consequent ly ,  we have as valid:  
If the boundary p r o b l e m  (4 .  37) - (4 .  38) is l i n e a r ,  then  q = 0, and 
THEOREM 9. F o r  the  p e r m i s s i b l e  c o n t r o l  t o  be loca l ly  m i n -  
opt imal  ( m a x - o p t i m a l )  acco rd ing  t o  the  func t iona l  (4 .  39)  i n  the l i n e a r  
boundary p r o b l e m  ( 4 .  37)-(4. 38)  ( func t ions  f i  and oi are  l i n e a r  i n  y 
and y,) i t  i s  n e c e s s a r y  and s u f f i u h e  
condi t ions of m a x i m u m  ( m i n i m u m ) .  
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In conc lus ion  we note tha t  the  analogous problem (wi th  ana logous  
r e s u l t s )  m a y  be inves t iga t ion  a l s o  f o r  the s y s t e m  of hyperbol ic  equat ions  
with in i t i a l  and boundary  condi t ions.  
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Section V. SOME PROBLEMS OF INVARIANCE THEORY 
Lct  the con t ro l  p r o c e s s  be d e s c r i b e d  by  a s y s t e m  of equat ions  with 
p a r t  i a1 (1 e r i v a  t i v e s 
(5 .1 )  AZ 1 f ( X I  , . . . , Xk, Z ,  U ) ,  
w h e r e  A is  a l i n e a r  d i f f e ren t i a l  o p e r a t o r  of p a r a b o l i c ,  e l l i p t i c ,  o r  
hyperbol ic  type ,  z = ( 2 1 , .  . , , zm) is a v e c t o r  c h a r a c t e r i z i n g  the  s t a t e  
of the s y s t e m  undc r  c o n t r o l ,  and u is a v e c t o r  c h a r a c t e r i z i n g  the e x t e r -  
na l  in te rac t ion .  L e t  a l s o  b e  g iven  addi t iona l  condi t ions wh ich  m a y  
contain v e c t o r  v dcf ining thc  e x t e r n a l  i n t e r a c t i o n  o n  the  s y s t e m .  
a s s u m e  tha t  the v e c t o r  0 = ( u ,  v )  is subjec ted  to  the  s a m e  condi t ions as  
the p e r m i s s i b l e  con t ro l  in  the p r o b l c m s  of o p t i m u m  con t ro l  d i s c u s s e d  
above  while the addi t iona l  condi t ions  a r e  s u c h  tha t  to  each v e c t o r  w 
c o r r e s p o n d s  a unique so lu t ion  of Equat ions  ( 5 .  1 )  wi th  the s a m e  addi t ional  
condi t ions.  
We 
Lct, i n  addi t ion ,  be givc.n a c e r t a i n  funct ional  I [7] defined o v e r  the 
solut ions of Equat ions  ( 5 .  1 ) .  
i s  to  find condi t ions f o r  which thc funct ional  I d o e s  not depend on the 
cx te rna l  intc . ract ions.  In the  p a p c r  by Rozonocr17 i t  w a s  shown that  
the inva r i ance  prob1c.m m a y  b c  studic~tl  by the me thods  of the va r i a t iona l  
ca lcu lus  i n  the c a s c  when thc  con t ro l  F r o c c s s c s  a r e  d e s c r i b e d  by o rd i -  
n a r y  d i f fc rcn t ia l  equat ions .  Analogous ly ,  onc  m a y  inves t iga t c  the 
inva r i ance  p r o b l e m  also f o r  the s y s t e m  with d i s t r ibu ted  p a r a m c t c r s .  
T h e  b a s i c  F r o b l c m  of the i n v a r i a n c e  theory  
Wc. inves t iga ted  thc, c o n t r o l  s y s t e m  whose  bchav io r  i s  d e s c r i b e d  by  
the boundary p r o b l e m  (3. 9 )  wi th  c e r t a i n  s m o o t h n e s s  condi t ions i m p o s e d  
on the discont inui ty  surfaccbs of the. function u ( t ,  x ) .  W c  a s s u m e  tha t  
with e a c h  p e r m i s s i b l e  v e c t o r  w ( t ,  x )  = ( u ) t ,  x ) ,  v ( t ,  x ) )  i s  a s s o c i a t e d  
a r c s p c c t i v c  unique so lu t ion  of the s a m e  boundary  p r o b l e m  and 
whcirc,, f o r  the pu rposc  of s impl i f i ca t ion  of subscqucn t  f o r m u l a s ,  u and 
v a r c  vicwc~d as s c a l a r  quan t i t i e s .  
As the functional I wc' ut i l izc~d the c s p r e s s i o n  (4 .  6 )  i n  which the 
t i m e  T and thc. domain  G a r e  viewed as f iucd.  
p r o b l c m  (4 .  I O )  has in th i s  c a s c  thc  form 
The  "adjoint" boundary 
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& ( t ,  .).i(t, s)- 0 ,  \ G 
i -  1 
d i k ,  gi - C.C)IlSt 
with the  addi t ional  condi t ions 
(5. 5) 
h e r e  P i s  a l i n e a r  d i f f e ren t i a l  o p e r a t o r  def ined  o v e r  the boundary  r, 
w h e r e  the d i f fe ren t ia t ion  i s  c a r r i e d  out in a d i r e c t i o n  wh ich  is  t o w a r d s  
the outs ide r e l a t i v e  to  G. 
L e t  u s  s tudy the funct ional  
T h e n  the func t ions  z i ( t ,  x ) ,  en te r ing  ( 5 .  4), a r e  d e t e r m i n e d  from the  
equat ions 
with thc addi t ional  condi t ions 
( 5 .  9 )  
wlicrc~ thc  opc.rator  Q is clcfincld a c c o r d i n g  to  ( 4 .  3)  a s  being conjugate  
to P. 
W(t tlenotc by D a n d  E)::: thc, m a t r i x  of the, cocfficicxnts d .  and t h e i r  
Sincc, in the casc’ undc r  inves t iga t ion  thc  boundary  
ik 
conjugatc. m a t r i x ,  respcsctivcly,  and by ( r ,  s )  - thc s c a l a r  p roduc t  of 
thci vcc to r s  r and s .  
condi t ions ( 5 .  6 )  d o  not conta in  v ,  thc  condi t ions (5 .  4 )  m a y  be  writtc.n 
i n  thc form 
R ( t ,  s) E ( 2 ,  g ) ~  0, G, 0 <’ t <’ T 
Applying to  th i s  (,quality the. o p c r a t o r  M a n d  taking into account  
that  z s : i t i s f ic , s  thcl systchni of c~quat ions  ( 5 .  8 ) ,  w c ’  ge t  
M R ( t ,  S )  - ( M z ,  g )  1 - (D‘i’7,, g )  - ( z ,  Dg) - 0, 
A n a l o g o u s l y ,  \\rc find that  
( 5 . 1 0 )  
k k k 
M R ( t ,  x )  = ( - 1 )  ( z ,  D g )  = 0 ,  k = 0 ,  1 , . . .  , m - 1 .  
F r o m  t h i s ,  b e c a u s e  of the condi t ions ( 5 .  9 ) ,  i t  fol lows tha t  
k k k 
M R ( T ,  x) = - ( - 1 )  (a (x), D g) = 0 , k = 0 ,  1 ,  . .  . ,  m -  1. (5 .  11) 
Pu t t ing  in Equa t ions  (5. 10) x 
tak ing  in to  accoun t  the condi t ions (5 .  9):  
r a n d  applying the  o p e r a t o r  Q ,  we obta in  
The condi t ions  (5 .  11) and (5 .  1 2 )  a r e  n e c e s s a r y  f o r  the i n v a r i a n c e  
of the func t iona l  (5 .  7 )  r e l a t i v e  to  the e x t e r n a l  i n t e rac t ion  u in  the boun- 
d a r y  p r o b l e m  ( 5 .  5) - ( 5 .  6 ) .  L e t  us show tha t  t h e s e  condi t ions a r e  a l s o  
suf f ic ien t  . 
Since  a c c o r d i n g  to  the condi t ion evcn one of the v e c t o r s  a = 
(al,. . . , am) and y = ( V I , .  . . , ym)  d i f f e r s  f r o m  the z e r o  v e c t o r ,  t h e r e  
e x i s t  n u m b e r s  A , ,  . . . , A,-1 s u c h  tha t  
k 
m- 1 
C AkD g = 0 .  
k =  o 
In t roducing  the notat ions 
k 
R k - M R ,  k = O ,  1 , . . . ,  m - 2 ,  
wc’ ob ta in  f r o m  th is  equat ion and the conditions (5 .  10)  and ( 5 .  1 1 )  a homo-  
genc’ous boundary  p r o b l e m  f o r  thc  de t c rmina t ion  of Rk :  
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
MRo - R1 = 0, R o ( T , x )  = 0 ,  x € G ;  QRo( t ,X)  = 0, r. (5. 13)  
Since w e  assume tha t  the  coefficients of the o p e r a t o r s  M and Q a r e  
suff ic ient ly  smoo th ,  the boundary  p r o b l e m  ( 5 .  13)  h a s  only a t r i v i a l  
solution (see, f o r  i n s t ance ,  w o r k  of Z a g o r s k c y  , pp. 97-103):  34 
and f r o m  th is  fol lows the val idi ty  of thc condi t ion 
T h i s  p r o v ’ s :  
T H E O R E M  10. F o r  thc  i n v a r i a n c c  of the  funct ional  (5 .  7 )  r e l a t i v e  
to thc e x t e r n a l  i n t c r a c t i o n  in  thc  boundary  p r o b l e m  ( 5 .  5 ) - ( 5 .  6 )  t o  be  
t r u c .  it i s  n c c c s s a r v  and sufficient that  the condi t ions 
O ~ ~ G T ,  k = 0 ,  1 ,  . . . ,  m - 1 .  
be fulfi l led.  
F r o m  thc method f o r  the proof of th i s  t h e o r e m  is c l e a r  t ha t  the  
analogous r e s u l t s  m a y  be  obtained f o r  boundary  p r o b l e m s  which w e r e  
invcst igatcd in Sect ion I. 
one has  to  u t i l i ze  the f o r m u l a  (1 .  35) f o r  the i n c r e m e n t  of the funct ional  
( 1 .  3 )  with the funct ion ui  def ined by m e a n s  of t h e  boundary  p r o b l e m  
In p a r t i c u l a r ,  f o r  the boundary  p r o b l e m  (1 .  33)  
( 1 .  34) .  
Rece ived ,  13  March  1964 
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